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In an earlier paper    Webster and Wohaunen,   I962),  the problem of 
finding a ship of minimum total   resistance with a .^iven after body was 
treated by a method rather similar to that which will be used below.    The 
chief and most important difference in this paper lies in the computation 
of the fflctional resistam-e,  or to be more precise,   the surface area of 
the hull.     In the earlier work this was computed by an approximation which, 
although apparently consistent with the thin-ship approximation in wave- 
resistance  theory,  actually leads to divergent integrals under circumstances 
in which the area   Is,   in fact,   finite.    The difficulty is  connected with 
the  fact  that the condition for the are« approximation to be valid is that 
the slopes     fx    ^'d     f.,    should bo  s.nall,  whereas  the  corresponding condi- 
tion for the thin-^hip wave-resistance approximation   (Michell's  integral) 
is   chat     f/L    should be uniformly small;  here the hull  is represented by 
y = f(x,z)     and    I     is the length.    The approximation for the area which 
will be used below avoids this difficulty,  but at the expense of making 
the minimization computations  considerably more difficult. 

A second difference  from the earlier paper is that the problem 
lias been somewhat extended.    We no longer consider only the problem with 
given afterbody,  but also that  in which the whole ship form can be varied. 
In the later case the displacement and a profile symmetric fore and aft 
arc.  prescribed.    According to well known theorems,  the resulting ship of 

Lnlmun total resistance wall be  symmetric fore and aft.    The computing 
progren has  aluo been so written  that the volumetric  coefficient can be 
held constant  if this  is desiied a-  a .^ide condition   in the minimization. 
However,   thlc   side  condition is   irnfored only for the  symmetric ship. 

F0RMUIAT10N OF THE FR0E1EM 

In order to make  the exposition self-contained,   some of the pre- 
liminary analysis  from the paper by Web.ster and Wehausen  (196?)   is repeated. 
The  notation is   the same except  that    H    instead of    I    is used to denote 
the  draft. 

Rcpreijentat i,on  of the ship 

The axes will   be   taken as  shown  Ln Pleura  I.     The variables  have 
been taken dimenclonleselyi   lengths   in the x-direetion being measured by 
/      1/2 L   ,   thoea  In  the  transverse direction by    b  •  1/2 B  ,  and those in 
the  vertical   direction by    H   .     However,  one should note that for the  case 
of the symmetric ship the length    R     is  noi   necer-.' arlly the beam,  but merely 
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a length scale in the y-dlrection.    The equation of the hull will be denot- 
ed by    y = + fa(x,z)   ,  and that of the forebody by    y = + fb(x,z)   .    The 
volumetric  coefficient  is  given by 

Cv   =|| (|)2  [äx fdz f(x,z)   , ' (1) 
•1     ' o 

The functions will be approximated by finite Fourier series.    As 
our fundamental set we shall take 

|Cü3 - (2m-l)  n x cos(2p-l)  nz|m,p = 1,  2,   ... ^   . (2) 

These  form a complete set   in either    0<x<l,   0<z<l    or-l<x<0, 
0 < z < 1    and furthermore  also in    -1<X<1,0<Z<1    if one wishes 
to represent only functions symmetric fore and aft.    Otherwise one must add 
to   (2)   the  set 

■[sin mnx cos -  (2p-l)  nz|m,p = 1,   2,   ••• }   • (3) 

The selected fundamental set  (2),  or (2)  and (3),  obviously has the pro- 
perty that any finite sum will represent a continuous function vanishing 
on the edges    x = + 1    and    z = 1    of the rectangle     |x|< 1, 0 < z < 1  , 
in the    (x,z)-plane.     If the profile of the ship is not this rectangle, 
and it will not be for the  fixed afterbody selected below,  one must suppose 
the hull form to be completed by a piece of the  (x,z)-plane.    The profile 
of the forebody of the symmetric ship will be supposed tw be the whole 
appropriate rectangle. 

In the case of the fixed afterbody two questions arise.    One is 
that the frictional resistance,  i.e. the total area of the hull, will be 
increased by the added deadwood.    This causes,   in fact,  no difficulty, 
for since it is fixed it will not enter into the minimization calcula- 
tions for the forebody.    The other is the effect of representing a 
function vanishing over the deadwood area by a finite Fourier series. 
This will almost inevitably result in an approximation of the afterbody 
with negative ordinates in the deadwood region.    This may seem a little 
startling at first, but causes,  in fact, no difficulty.    There is, however, 
a difficulty which may arise because of fixing the forebody profile to be 
a rectangle.    If the proper minimum forebody should be a form with a sub- 
merged protruding bulb a la Inui,  the remaining part of the rectangle will 
again be filled with deadwood.    The difficulty lies in the fact that the 
frictional resistance of this area will affect its determination in the 
present calculation. 
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The series representing the functions    fa(x,z)    and    f^^z) 
will be taken as follows: 

M    P 1 l 

fa(x,z)  =    Z   S a^j cosj(2m-l)  Ttxcos^(2p-l) nz , 
m=lp=l 

M    P 1 1 ft,(x,z)  =    Z   Z b    coSpCSm-l)  «xcos^(2p-l)  nz  . 
m=l^=l 

(M 

The   'oefficients    e^-p    are determined from the form of the afterbody and 
are to be considered as known.    The coefficients    bmp    will be determined 
by the minimization conditions.    For the ship which is symmetric  fore and 
aft the two series are  identical and only the second series need be 
retained.    There are certain conditions in the    bmp   which can be written 
down immediately.    For the case of the fixed afterbody the forebody must 
fit smoothly onto tie afterbody.    This requires that the following equa- 
tions be satisfied: 

M M 
Zbmp =    Z amp ,  p = 1, 2,   ...   ,  P  . (5) 

m=l m=l 
For future reference we note that the volumetric coefficient of 

the forebody can be obtained in terms of the    bmp    by substituting the 
series for    fb(x,z)     in  (l).    This yields 

v « L
 «2 iip-i fsütta b-p •        (6) 

The Wave Resistance 

Michell's integral for the wave resistance will be taken in the 

following dimensionless form: 
-.oo h KM 1 2H 1     T; p        p,       7 

M      pgB2H       «   L   y0J sTJ^i 

P1 P1 '        rvtr 

C + 18(7J j|-)   -J dx y dz f(x,z)  exp [- |jr y2z + lyx]   , 

70 y    7o (7) 

2 
where    Rw    denotes the wave resistance and    y0 = gL/2 u , u      being the 
ship's speed. 
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We now introduce the following functions: 

Ccm(7)  =  I COSTX cos ~ (2m-l)  nxdx 
o 

= (-i)m 2(2m-1)ii cos y (a) 
h^-{2m-l)2n2 

r1        i Scm(7)  =   / sinyx cos 2 (2m-l)  «xdx 
o a 

.. ^7 ♦ C-l)    2i2ia-l) n slnr 

1|72 .  (2m-l)2 «2 

Ep^ •   y2)  =/exp-(2H/L70)r2z cos | (2p-l) «zdz 

n (2H/L70)y2 ^ (-D^1^ (2p-l)« exp-(2H/L70)y2 

(2H/L7o) V ♦ I (2p-l)2Ä
2 

H 2H   1 y Bmnpq(E>yo)  = *;/ [CcmCcn ♦ ScmScn] EpE* r^      *7 , 
70 '    7o 

H 2H    r" y1* Drar.pq(L^o)  = jJJ-/ fCcmCcn " ScmScn] »NJ t   I     d/ . 

The quantities in (7) may now be expressed in terms of these functions as 
follows: 

M      P M   P 
C + iS =    Z     L a^ [Ccm - iScm] Ep ♦   E   Z bn<l[Ccn ♦ iScn] Eq , 

m=l p»l n»lq»l 
(9) 

M        P 
CM ^   ^       ^   {^p^iq^pq ♦ brapbnqBmnpq ♦ 2ampbnqDmnpq}   • 

m,n=lp,q=l 

For the ship symmetric fore and aft s^p » bmp and 

M   P 
CM = 2    2:        £   bmpbnq {B^^ * D^pq}   . (10) 

m,n=lp,q=l 
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It is evident from (8)  that 

Bmnpq + Dmnpq = ^    / Ccrf^ft^ fJ-Z     d7 . (ll) 
0 70 '    ro 

The Frictional Resistance 

It will be convenient to use for a moment variables with their 
proper dimensions. The viscous resistance will then be taken as the 
usual "equivalent flat-plate" resistance, i.e. 

nv = 5 pu^SCf(Re) 

= pu^Cf(Re) J/[l+fJ+f^]    dxdz  , 

So 

g (12) 

where S0 is the area bounded by the profile of the ship at rest, S its 
wetted surface, Re is the Reynolds number 1M.0/V    and Cf    the resistance 
coefficient. 

As has been mentioned earlier, the only significant difference 
between this paper and the earlier paper of Webster and Wehausen (1962) 
lies in the computation of the area S .  In the earlier work the integral 
in (12) was approximated by 

// (1 + - f^ + ö O dxdz , (13) 2 x T 2 z 

So 

an approximation which overestimates the area. In fact, (l^) may become 
infinite for hull shapes which are perfectly reasonable, for example, 

f(x,z) - b(l - »5) (1 - |)5 . 

On the other hand, the form of (13) is very convenient for the minimiza- 
tion problem to be considered later, and one would consequently like to 
retain some of these aspects in another approximation without the same 
deficiencies. What we shall do is to assume some standard hull, say 
y = + F(x,z) , and consider y = + f(x,z)  as  a  perturbation of this. 
The area of the standard hull will be assumed known. 
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Let us now return to the dimensionless variables.    Then (10) 
may be written in a form parallel to (7): 

RV 
CV - PgB^H 

= I cf S kfl[1 + S fx+ ^ f']1/^dz'       (14) 

S0 being now the dimensionless profile. We shall approximate the 
integral in (ih) as  follows: 

r r B2    o       B2    p ? 
77[l + ü fx+ 5? ^ ^ (15) 

s0 

So 

* i//u+ S ^ * il ^(S (fx - Fx'+ Äf' - »2»- 
So 

JJl        L2   x      UH2   z 2JJ L2   x      4H2 

S0 S0 

B       P B       o 

2 J J'1 + L2 ^ + 1^5 Fzl    13 fx + ,,„2 M ** • 
So 

The first two integrals, denoted by    SF    and   AF , respectively, are fixed 
as soon as    F    is decided upon and only the last integral will vary with 
f  .    Again the approximation gives an overestimate of the area,  and, 
furthermore,  difficulties with the last integral are still possible for 
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f(x,z)    whose behavior in the r.eighborhood of the submerged part of the 
profile differs too much from that of the selected function    F(x,z)   . 
Formula (15) will be the basic of an iteration procedure to be explained 
later. 

It is important to note that in (15)  not onl>    H/L   but also 
B/H    must be specified as parameters.    It was not necessary to fix    B/H 
in the formula for    Cj^    in  (7),  nor was  it necessary in the earlier work 
when the approximation (13)  was used. 

Next we compute the part of C^- due to the forebody alone, say 
Cyt , by substituting (k) in {lh) ana (15). First, the area of the fore- 
body is given by 

2 «2      M F 
SF-AF + T72      Z Z     W' (l6) 

m,n=l p,q=l 

_1 

{(2m-l)(2n-l)//[l+ ^F^ + r||pj] sin2(2m-l)jtxsin2{2n-l)jtxcos2(2p-l)rtzcos(2q-l 

^o «zdxdz 

L2 rr     B2 o      B2 p 2     1 1 1 
♦ —2(2p-l)(£q-l)J[/[l+ ^^ + ^F^]  cos2(2m-l)nx.os2(2n-l)nxsin5(2p-l) 

so rtzsin2(2q-l)Ttzdxdz} 

+        +      j.2 g2 U    B 
= SF-AF+-ö--2Z      Z ^pb^ Sm.r,q'i~'   j)j 

m,n p,q 

where the superior plus signs indicate that the  integrals are restricted 
to the part of the profile spanned by the forebody.     It then follows 
immediately from (lh)  that 

o p 

CL», • x C* &■ (sl - A*) ~ f C* -S--   Z     Z b   b     s .    (17) vb      2    f R2  V  F        F;   7 * l6 mp nq    mnpq 

For the afterbody frictional resistance    Cya    one need only replace the 
superior plus signs by minus  signs and the    b s    by    a's   ,    However,  the 
value  of    CYa    will not affect the form of the minimizing forebody inas- 
much as there is no interaction between fore- and afterbody in this simple 
model of frictional resistance.    For the ship which is symmetric fore and 
aft it is obvious that one can obtain the total frictional resistance by 
doubling (17). 
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Minimization of the Resistance 

We now turn to the problem of minimizing the total resistance, 

as approximated by Rj^ + Ry subject to certain side conditions. First 

we note that, if L , B , and H have been fixed, it is equivalent to 

minimize Cj/ + Cy . The unavoidable side condition^' has already been 

Introduced, for the ship with the fixed afterbody. For this case it is 

not in principle necessary to add any further side conditions. For the 

symmetric ship we must at least add a fixed value of the volumetric 

coefficient as a side condition. For both, B/H and H/L must be 

fixed as parameters.  However, in the second case the true beam/draft 

ratio is left free to vary. A further side condition which ^.s obviously 

Important but which cannot be easily Included in the problem as formu- 

lated below Is that the ordlnates should be non-negative. 

If one Introduces the side conditions by means of Lagrange 

multipliers, the problem reduces to finding a minimum of the following 

function for the case of the given afterbody: 

Ta fcoi 2H/L; bmp, Xp) = 

P     M     M 
CM + Cy + 2 Z ^ [ Z bmp - Z a^ ] . (18) 

p=l    m=l    m=l 

For the ship symmetric fore and aft the appropriate function is 

Ts (70, H/Lj bmp, it) ^ 

I  S   ('-■nm+p       H L o ir2 

(18') 

In (l8) CM is given by (9) and Cy by Cy^, plus the corresponding 

Cya . In (18') CM is given by (lO) and Cy by twice (17). In either 

case CM + Cy consists of a constant plus a quadratic expression in the 

^mp * 

A necessary condition for a minimum of   Ta    is fulfillment of 
the following set of linear equations in the unknowns    bmp ,   Xp : 

(19) 

^a M      P r        «2 
—•- = 2 Z      Z [Cf -— Sjnnp^ + B^pq] bmp 
obnq        m=l p=l        lb7o 

M    P 
+ 2[Z   ZD^pqa^p + 2Xq]= 0,  n=l,   ..., M;  q»l,   ...,  P; 

m=lp=l 

^p M M 

OA^ m=l    *      m=i 
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The analogous equations for the minimum of Ts will not be written out, 

but are, of course, similar. It is clear from the non-negativeness of 

the functions Cj^ and Cy that a solution of (19) will, in fact, yield 

a minimum of Ta . However, it may (and does) happen that the minimizing 

hull form has negative ordinates for certain values of the parameters. 

As has been mentioned earlier, our computational procedure is not adapted 

to finding a minimum with the inequality fb > 0 as a  side condition. 

In the earlier treatment of Webster and Wehausen 

(1962) the approximation for the hull area produced a matrix Sj^p« 

whose only non-vanishing elements were the positive main-diagonal terms 

ISmmpp . It is no longer true that all off-diagonal terms vanish, so that 

one cannot make a definite statement concerning the effect upon the con- 

dition of the coefficient matrix in (19) of including the frictional 

resistance. However, its inclusion does prevent the wild forms from 

occurring which were obtained earlier when no such restraint was imposed. 

On the other hand, as was mentioned earlier, its effect is not sufficient 

to prevent physically unreasonable forms from developing for sufficiently 

high Froude numbers. 

The Computational Procedure 

Several different numerical procedures sire involved 

in finding a solution to the problem formulated above, but they are for 

the most part relatively straightforward. All computations -.'»re carried 

out on the IBM 7090 of the University of California Computer Center. The 

coefficients Bmnpq , D^pq , S^pg were computed using Simpson's rule. 

The singularity at y = yQ    in the integrals for B^pg and D^pq was 

handled in the same manner as in the preparation of Weinblum's (195M 

tables. The linear Equations (19) were solved asing an already available 

program. In finding the hull area an iterative procedure was used, so 

that the S^pg were computed several times for each Froude number. For 

the problem in the given afterbody, the reflection of this in th« midship 

section was used for the initial choice of F in (15). The associated 
values of Sjjmpq were then used to find a solution to (19) and hence a 

hull sha^ , say,  fai . The procedure was then repeated, using fa^ for 

F in (15/ to find a new hull fa2 , and so forth until f^ had been 
found. Since the difference between fai and f^ is less than 1^, and 

between C^/z and C^^ is less than 0.5^, we conclude that the computa- 

tion of the area is sufficiently accurate for the purpose at hand. A 

similar procedure was used for the symmetric ship except that the initial 

F in (15) was taken as cos| it x cos^ « z . The curves for the body plans 

were also produced by the computer from a special plotting program using 

the Fourier coefficients b^ as input. 



-919- 

The Fourier leriea were  terminated with    M = P = 6    as  in the 
earlier paper.    As  a consequence  there  is an evident waviness  in the lines. 
As the results show,   it would have been a wasted effort to have smoothed 
out this waviness  by increasing    P   .    This was established by a numerical 
experiment  in which    M x P    was also taken as    6x1,   6x2,  ox1!. 
This will be discussed later. 

THE OPTIMUM FORMS 

Choice of Parameters 

The  following choices were made  for the actual calculations.    For 
the problem with  fixed afterbody the  same  afterbody was used as  in the 
earlier computations of Wehausen,  Reichert  and Gauthey  (1961)   and of Webster 
and Wehausen  (1962).     Body plans are shown in Figure  2;  various  geometric 
form coefficients  follow:     Cp = 0.564,   CB ■ 0.508,   Cy = 2.75 x 10'5, 
CJJ = 0.90.     The afterbody was designed to conform as closely as possible 
to a Taylor Standard Series model of the  same prismatic  coefficient,  but 
with midship section represented by    y -   1  -  z^    (because  in the  first-cited 
paper a polynomial  representation was used).    The following further choices 
were made:     H/L = O.Okyf, B/H = 3,   L = 400'.    A specific length had to be 
chosen because of the  inclusion of the  frictional resistance.     The Schoenherr 
coefficients plus  a roughness allowance 0.0004 were used in computing    Cf(Re); 
in determining    Re    the viscosity of sea water at 650F was  used. 

The  prismatic coefficient of the afterbody was selected as a S'iit- 
abie one for    y0  ■ h  (Fr ■ 0.554,  V/Li ■ I.19),     It  la  obvious,   however, 
that the afterbody shape should properly be selected for each Froude number. 
This might  reasonably be done by finding the optimum symmetric ship for the 
given value of    y0    and then designing an afterbody to conform as closely 
as possible to this while still avoiding separation and satisfying other 
requirements. 

For the  problem of the optimum symmetric ship only the volumetric 
coefficient among t..e form parameters was fixed.    For    7o = u    computations 
were made for   Cy • 10^ ■ 1.5, 5 and 4.5; for all other values of    yQ   the 
value   C^ • lo3 ■ 3   was used.    For the remaining geometrical parameters 
we chose    H/L « 0.05, B/H - 3   and    L - 400'.    We note again that for this 
problem   B    Is an arbitrary length scale In the transverse direction and 
that an optimum value of beam/draft Is found for each as a part of the 
solution. 
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For the symmetric ship optimum forms were found for integer 

values of y0    from 2 to 10, i.e. for Froude numbers between 0.224 and 

0.5. Since the forms for yQ = 2  and 3 showed negati/e ordinates of 

appreciable size at the load water line near the bow and stern, we 

restricted the computations for the problem with given afterbody to the 

interval /o - ^ to 9 • Since Jo = 9    produced negative ordinates, we 
did not carry the computation to 70 = 10 . However, inasmuch as we 

found similarly located negative ordinates for 7o = 6 but not for 

7o - 7 , this may have been unduly pessimistic. 

The Symmetric Su-p 

Figures 5 to 11 show section curves, waterlines and the section- 

al area curve for each integer value of y0    from 2 to 10. The figures 

show also the values selected for the parameters, the values of Cjyj , Cy, 

0m for the optimum form as well as the geometric form parameters Cg , 

Cy , Cp and C« . However, Cg was computed using the midship section 

beam, and Cp from the equation Cp ■ Cg/C^ . Hence, for some of the 

rather outre forms which have developed for y0 ~  2, 3> and k  these coeffi- 
cients have lost their conventional meanings. On Figure 15 are plotted 

optimum (according to this analysis) values of B/H, Cg, Cp, and C^ as 

functions of y0  ; in all cases C^ ■ O.OOJ. 

For the most part the body plans and graphs speak for themselves, 

but several points deserve special mention. The enormous bulbs which occur 

for YQ  - 2 to 5 would presumably result in a separated flow and thus 

vitiate the fundamental assumptions of the present analysis. For 7o = 6 

to 10 the forms are more reasonable in this respect. The size of the 

bulb decreases to a minimum at 7o = 7 and 8 and then slowly increases 
again. Figure 16 shows Cp and Cy for the optimum ships plotted against 
r0  . It is evident that for y0    between 6 and 10 these forms are indeed 
"waveless" insofar as the contribution of wave resistance to total resis- 

tance is concerned. Cj^ for these ships is plotted in Figure 17. We note 

that the resistance coefficient R/pgy  is related to ours by the 

eauation 

(5)2(7)5C . 
PgV " Cy  W kL 

The factor is 0.375 for the ship forms discussed above. 

Tne very low values of the wave resistance obtained for these 

forms raises several questions. It is often assumed that the sectional 

area curve is of prime importance in determining the wave resistance, and 
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that the distribution in depth is of secondary importance. A compvting 

experiment was made to test this and related conjectures. For y    =4, 

6, and 8 the dimension M x P of the coefficient matrix was taken first 

as 6 x 1, then as 6 x 2 instead of 6 x 6 as in the other computatiuns. 

In the 6x1 computation all sections are affinely related (cosine curves, 

in fact) and the only freeaom is in the longitudinal distribution. This 

situation cor^csp ^ids to that in the papers of Weinblum (e.g. 1957).  In 

the 6x2 computation there is a single degree of freed™ in the vertical 
direction which permits variation in vertical distribution along the 

length. The results were instructive. The frictional resistance varied 

by only small amounts, less than 55^ whereas the wave resistance was in- 

creased by factors of 2.8 to ^.2 in the 6x1 computations. On the other 

hand, in the 6x2 computations the wave resistance was already within 

15^6 of that obtained in the 6x6 computations. The encircled points on 

Figures 15 and 17 show results of the 6x1 computation. The body plans 

and sectional-area curves are shown in Figures 12 to 14. 

In order to test the effect of restricting the amount of freedom 

in the longitudinal direction, a computation was made for 70 = 4 with a 

4x4 matrix. The wave resistance of the resulting form was considerably 

lower than with the 6x1 matrix (CM = 0.5621 x 10"
2), but still not as 

near the 6x6 value as with the 6x2 matrix. We conclude that longitu- 

dinal distribution is, in fact, more important than the vertical providing 

that at least some provision is allowed for vertical variation with longi- 

tudinal position. 

For 70 = 6 the effect of changing Cy was also investigated, 

the optimum forms for Cy = 1.5 x 10'^ and 4.5 x 10"^ being computed in 

addition to ^.0 x 10"5. The forms were very close to being affinely 

related, with corresponding cordinates being nearly proportional to the 

values of C w  . Figure 18 shows graphically the dependence upon C . 

of several quantities. 

It is noteworthy that for all speeds the waterline at the surface 

is cusped, or practically so. This phenomenon obtains also for the optirmira 

forms with given afterbody. 

The Ship with Given Afterbody 

The body plans and sectional area curves for the optimum fore- 

boc ..es for 70 ■ h  to 9 are shown In Figures 19 to 24. Figures 25 and 
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26 are analogues to Figures 15, 16, and 17, respectively, for the symmetric 
ship. There are, however, certain differences. Here B/H is fixed at 3, 
but Cy ~ cam change. Also, since Cß * CxCp =0.9 Cp and 
C^  ■ (B/H)(H/L)2CB » 0.00573 x Cg there is really no more information 
in the Cp and Cg curves than in the Cw  curve. 

Possibly the most significant information lies in a comparison 
of the results with those for the symmetric ship. It is evident from a 
comparison of Figures 16 and 26 that the wave resistance of the optimum 
ship with given afterbody is an appreciable part of the total resistance 
in the region 6 < y© < 9 whereas it was negligible for the symmetric 
ship. One might feel constrained to be a little cautious here because the 
volumetric coefficient has decreased. However, inspection of Figure 18 
shows that this makes the discrepancy all the more striking. One can 
only conclude that, on the basis of this criterion, the afterbody is 
a rather poor one for this speed range. In fact, it compares rather 
poorly at all speeds with the performance of the symmetric ship. 

Concluding Remarks 

There is little to add to what has already been said except that 
experiments appear to be the next appropriate step, at least for the symme- 
tric models with 7o > 6 . For these an interesting choice confronts one. 
In order to test the conclusions, should one use the designs for the 400' 
ship, or should one make new designs for an optimum 5' modelt 

Finally, we note that it need not be considered surprising if 
one should be able to make a substantial improvement upon existing ship 
forms. Empirical methods of investigation operate within a limited scope 
of variation. Inui has already been very successful with only a few 
degrees of freedom at his disposal. With thirty-six one should be able to 
do even better. On the other hand, some further restraints ntsd to be 
imposed for 7o < 5   in order to obtain forms whose behavior will conform 
to the assumed model of frietional resistance. Unfortunately this will 
apparently lead to the more difficult numerical problem in which bounds on 
ordinate and slops are imposed as side conditions. 
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DISCUSSIONS 

by S. W. W. Shor 

In this paper the authors have shown how to produce three- 
dimensional ship-shape forms of very low resistance. Nonetheless, there 
remains a serious problem in making the results of calculations such as 
theirs generally useful to practicing naval architects. This is because 
a practicing naval architect must meet many requirements besides those of 
low resistance, and it is most unlikely that a form derived solely to solve 
the resistance problem will immediately solve the other problems too.  There 
is also a communications problem, in that most practicing naval architects 
are more used to dealing with drawings and tables of offsets than with the 
constraints one can place on a computer calculation. 

Fortunately, a suggestion made by Professor Bessho in one of the 
papers he presented at this seminar can be extended in such a fashion as 
to multiply greatly the usefulness of the work of the present authors. He 
pointed out that if we add some multiple of a source or dipole distribution 
which has almost zero wave resistance to any other distribution, we add 
very little resistance. This is because small resistance implies small 
|C(f) + iS(f)|  in the equation 

K/2 2 

F - /  |C(f) ♦ iS(f)|  cos3© d9, (A) 
3 

where C(f) and o(f) 
indicate that the functions C and S are functionals of the function f . 
Since the functionals C and S are linear in f , where the hull is de- 
fined by H ■ f(l#C)i  it follows that for any two such functionals f^ 
and fp we can write 

C(»1F1+i2f2)+ iSCa^+a^) ~-  a1[C(f1)+ iS(f1)]+ a2[C(f2)+ iS(f2)]. 
(B) 

In consequence, if we have a set of distributions which correspond to ships 
of very low resistance, then a linear sum of these distributions also 
corresponds to a ship which has very low resistance. That is, any combina- 
tion 

F = a^ + a2f2 + ... + anfn (C) 

will certainly have low resistance provided that we do not choose a set of 
coefficients a1,ap,...,an which are such that  |a1|+|a2| + ... +18^1» 1, 

-949- 
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This last requirement is to insure that combinations of hull forms cannot 

be made which exaggerate the wave-producing qualities of their components. 

This might occur if small differences between large quantities were per- 
mitted. 

The practical application of this principle now becomes clear. 

(1) the first step is to derive many functions defining hull forms 

of very small wave-making resistance and tabulate them. The set of such 

functions is certainly not a complete set, at least under the restrictions 

placed on Equation (C), for if the set were complete every hull form could 

be described in terms of the memters of this set. Then every hull form 

would be a form of low wave-making resistance. On the other hand, exper- 

ience to date seems to indicate that the set is quite a large one.  It may 

well be that we can  quickly derive enough forms so that by application of 
Equation (C) we may find a hull through linear combination which will suit 

almost any purposeu 

(2) Using the library of forms of low resistance complied from 

results such as those of the present paper, the naval architect takes linear 

combinations of singularity distributions as in Equation (C) so that he 
approximately meets the requirements other than resistance of Ma hull 

design. Then he calculates the streamlines about this hull by one of the 

standard methods, and sc defines the hull exactly,, 

{})  If the resulting hull corresponding to the distribution F 

requires further correction, he does this by a repetition of the process. 

However, if the corrections are small it will be possible to dispense with 

the recalculation of the streamlines. That is, if we take the functional 

G(F) as the set of offsets corresponding to the singularity distribution 

F , then if the coefficients b1,b2>.../bn are small enough we can write 

G(F + b^ + h2f2  ♦...4 bnfn) X G(F) ♦ bjfj + b2f2 ♦...♦ bnfn .   (D) 

This means, also, that if a singularity distribution is available whose 

corresponding streamline pattern has been calculated and defines a hull 

which nearly meets the requirements of the naval architect, he can proceed 

directly with Equation (D) and omit entirely the calculation of streamlines 

mathematically.  The problem then reduces to one of adding sets of offsets 

together. 

Since tne technique described here permits an infinite number of 

different hull forms to be derived from the calculation of a finite number 
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of hull forms of low resistance, I suggest that all forms of low wave- 

making resistance be compiled as they are calculated so that practical 

naval architects may make use of them by methods such as are outlined 

here. It seems reasonable to suppose use of such compilations, rather 

than direct use of the high-speed computer, micht well become the primary 

means of application by practicing naval architects of the results devel- 

oped by theoreticians. 

An alternate way of applying work such as that done by Lin, 

Webster, and Wenausen to the calculation of practical hulls is, of course, 

the method of steep descent. Any hull which can be described by the func- 

tions they have used can be improved unless, of course, it is already an 

optimum hull within that family of functions. It is sufficient to observe 

in this respect that Equation (19) of their paper less the last two terms, 

ÖTa M      P , 2 

Ob 
= ? Z      Z{[C    -7—S + B        ] b      + D       a   }, (L) 

,      *  167-    rcnpq        mnpqJ    mp       mnpq mp»   ' ncl   m=l p=l    ^'o 

n = 1, .,., M; q = 1, ..,, P, 

defines the gradient of the total resistance. It is only necessary to 

insure that changes made in a hull by the method of steep descent are 

orthogonal to the gradients of the quantities to be held constant but as 

close to the negative of the gradient of the resistance as possible. In 

consequence, nearly all the work done by the present authors could be 

adapted easily to finding ways of improving hulls already designed by 

conventional methods. This might be the fastest method of obtaining appli- 

cation of the theoretical work which they have done. 

by Lawrence W. Ward 

It is refreshing to see an optimization calculation which treats 

the total resistance, that is the wave resistance plus something that 

attempts to include the frictional resistance. In regard to the latter 

there are two points I would like to raise. First is that the hull wetted 

surface is not a direct measure of the resistance as we have the strong 

possibility of separation behind sharp recesses. Perhaps a side condition 

f > -a would cause avoidance of some of the more extreme bulb forms. 

Then we have the idea that it is not necessary to compute the developed 

surface but rather it is more proper to use the projected wetted surface: 

2 1/2 
Sp = // [1 + fz ]   dx dz 

This should be easier and is consistent with the naval architects' ignor- 

ing the "secant correction". 

, 



-952- 

AUTHOR?S REPLY 

The authors are pleased to see Capt. Shor's two suggestions for 

putting their method to use in the near future. We had regarded the 

investigation as being still in a somewhav. preliminary stage, as one can 

see, for example, by the fact that we did not even try to smooth out our 

lines in order to make them less offensive to the naval architect's eye. 

However, it was the points mentioned in Capt. Shor's introductory paragraph 

which actually motivated our formulation of the problem with given after- 

body, for this is a simple instance of an a priori constraint, selected 

for reasons having little to do with wave resistance, Capt. Shor's pro- 

cedures may, however, be more flexible in use than ours, for they give the 

possibility of finding an approximate answer, or a direction of improvement, 

in situations where a formulation and solution of the problem by a method 

like ours would be too long. 

The first method has the disadvantage that it may increase the 

frictional resistance even though it keeps the wave resistance constant. 

The method of steep descent can apparently avoid this. Since for most 

practical Froude numbers the wave resistance of our optimum forms is al- 

ready much less than the frictional resistance, this may give a signifi- 

cant advantage to the second method. We note that M. G. Krein (see 

Kostyukov, Theory of ship waves and wave resistance, Liningrad, 1959, 

p. ICO) has suggested using the first method to minimize the frictional 

resistance while keeping the wave resistance constant. Krein has also 

given a simple construction for a large class of waveless additions: 

Let m(x,z) arid n(x,z) be two functions defined on S0 for which 
mjQj , n^ and mz , nz exist and such that n vanishes on the boundary 

of S0 ; then the hull 

„  r2H ö2   ä ,  3 
f + [-— T-? + r-] mn 

Ly0  dxc  dz 

has the same (Michell) wave resistance as f itself. 

Tor the practically important problem in which one tries to meet 

a constraint like 

0<f(x,z)<B ,    -C<f (x,2)<D 

it is not clear to us how either method can be systematically used.    We 
are hopeful of applying quadratic programming techniques to this problem. 
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Finally we note that Prc.ejsor Maruo has pointed out in conver- 
sation that it is more usual to take the frictional resistance as 

Rv =    Pu0 u 2 C-CRe) / /  [1 + f7
2]l/2 dx dz 

instead of (12).    This could, of course, be handled in the same way as (12). 
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SCME ASPECTS OF THE 

PROBIZM OF MINIMUM WAVE-RESISTANCE 

1. Introduction 

TRG has been conducting research in wave-resistance for some 

time. This research is continuing and is expected to lead to practical 

results in the near future. Some of our more theoretical results are 

described below, in keeping with the title of this seminar. 

2. Minimum Wave-Resistance for Submerged Line Dipole 

Distributions Having Prescribed Linearized Volume 

In the discussion following (see Ref. 1, page 117) I indicated 

that this mathematical problem, a numerical treatment of which had been 

discussed by Weinblum (see Ref. 1, page 112) had no solution. No 
further information was given. Since then additional work has been 

done,^ ,''' and substantial decreases in theoretical wave-resistance 

have been achieved. Nevertheless the mathematical problem has not 

been resolved in published work. Bessho^ ' has considered the problem, 

and correctly observes that it has no solution. He claims further that 

arbitrarily small wave-resistance can be obtained and presents a method 

for constructing dipole distributions having arbitrarily small wave- 

resistance and fixed linearized volume. Unfortunately his analysis 

does not lead to the desired conclusion.  In his Equation (1.2.5) 

aM -g5 0 [Sir] (1) 

the 0 is uniform in x but not in N since  it depends on the a_    which 
are solutions of his equations (1.2.^) and hence depend on N.     Hence 
his conclusion following his Equation (1.2.5)>  "therefore G(x) can be 
made arbitrarily small by making N arbitrarily large"  is not warranted. 
In view of the' interest in this problem displayed by the above-mentioned 
authors and also by Krein (as quoted briefJ..,   in Ref,  5)1 present briefly 
some results obtained by Professor Donald Newman* and myself. 

#Yeshiva University,  New York, New York. 
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After noraalization the mathematical problem is to find f(x) 
such that 

f(x) dx   =    1 (2) 

-1/2 

and 

ftF4   r    \K     "2X Fyo 2 
c      =    2£_ -±  e [I(>F)]    dX    =    minimum      (3) 

51 J vrx2-i 

where      y      =    dimensionless submergence 
o 

F      =    gL/c2 

c  = forward speed 

and 1/2 

I(XF) = /  f{x) cos XPx dx . CO 

-1/2 

As is well known we can assume f(x) to be even, and we have done so. 
We can also write 

1+ 1/2  V2 

Cw = ^- j      /f(x)f(x') K(F|x-x'|) dx dx'      (5) 

-1/2 -1/2 

where 2 
00 > -2X ^o 

KCFIX-X'I) = /  -r-5  cos (XFvx-x')) dX .  (6) 
J   >/X - 1 
1 

It is clear from (3) that for this problem C > 0. We shall w — 
take a few lines to prove that for this problem Cw is positive definite 
(Cw = 0 implies f(x) = 0 p.p.*) since the question of positive definite- 
ness is presently of some interest.    If Cw = 0 then from Equation (3) 
1=0 p.p.  for 1 < X < ».    Now,   if   |f(x)|is integrable then l(XF) is 
an entire analytic function and hence vanishes identically.    This is 
possible only if f(x) = 0 p.p. 

p.p. means almost everywhere.    See any book on Lesbesgue theory. 
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It follows that a necessary and sufficient condition for 
f(x) to be a solution of the minimum problem is that 

1/2 

f(x) = g(x)/ j^ g(x) dx , (7) 

-1/2 

with 

1/2 

j    gU'WFIX-X'| dx' = +1   for  |x| < X/2.     (8) 

-1/2 

Note that if such a g(x) (^ 0 p.p.) exists its resistance is given, 
using (5) and (8), by a positive multiple of 

1/2 

J    g(x) dx (9) 
-1/2 

which is thus a positive quantity. However, if y > 0 and such a g(x) 
exists (with |g(x)| integrable) then the integral in (8) defines an 
entire analytic function, and henco (8) holds for all x. However, for 
large x the integral tends to zero, hence the problem as posed has no 
solution. 

One is led then to ask what is the greatest lower bound of Cw 
for admissible functions f(x). We have shown that if 

e > 0 and  €2 < min [y0/(2Flog3), F"
2] , (10) 

and if (for |x| < l/2) 

,  n   g r([2nke]
2) cos 2itkx     . 1 

f (x,£) - 1 ♦ 2(-l) ni    Z  2     (10) 
n k=l r([2«ke] -n)r(n+k+l)r(n-k+l) 

then C (as given by (5)) tends to zero as n -» «, and (2) is satisfied 
for all n (> l). Of course the fn cannot converge to an admissible 
function, since if they did that furction would be a solution of the 
minimum problem. 
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The sequence f_(x,e) is not intended for use in the design of 
submerged bodies, but only to help answer a mathematical question about 
minimum wave resistance.  The problem of designing for low wave drag 
has been treated in the literature, with considerable success. 

If we integrate (5) by parts twice with respect to both x and 
x1,assume f(+l/2) = f'i+lfe)  = 0 and let y -> 0, and continue to relate 
f(x) to body shape in the usual linearized way, we get the slender-ship 
wave resistance formula considered by Vossers, Maruo, Tuck, Ciolkowski 
and others, some of whom have also discussed the associated minimum 
problem. 

3. Some Slender-Ship Theories of Ship Wave-Resistance 

Following the appearance of Vosser's Thesis^ ' a number of 
authors have di.scussed slender-ship theories of ship wave resistance 
and motion. A number of papers at the present Symposium deal with 
this subject. We shall present here a few comments on these theories. 

We can identify three slender-ship theories: 
(1) NSST (Naive Slender-Ship Theory). The ship is represented by a 
line distribution of (wave) singularities whose strength is as in an 
infinite fluid. 

(2) MSST (Michell Slender-Ship Theory). This is obtained by letting 
first the beam, and the draft, tend to zero. The result is the some 
as if we let first the draft (Hogner) and then the beam tend to zero, 
as observed Maruo^'' who also derived the result directly. 

(5) VSST (Vossers' Slender-Ship Theory). The theory presented by 
Vossers in Reference 6, but with some of the errors corrected. 

For smooth pointed ships all these theories are in agreement 
with themselves, and predict positive-definite wave resistance. For 
unpointed (or unsraooth) ships NSST and VSST predict infinite wave- 
resistance, while MSST predicts finite wave-resistance which becomes 
negative at high and low Froude numbers. Taylor's Standard Series^ ', 
in which the important parameter t (slope of sectional area curve at 
its end) is often nonzero, suggests that unpointed ships are important. 

Recent studies by Tuck, Joosen and Ciolkowski, to be presented 
at this seminar, are all in agreement with the theories mentioned above, 
for smooth pointed snips. 
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All these theories    are based on assumptions which become 
false at low speed and at high speed.    On the basis of some calcu- 
late one by Peter Thomsen and myself it appears that the range of 
validity* depends on the ship form and is limited in extent.    Addi- 
tional calculations indicate that DZ! and the sectional area curve, 
which determine the resistance in these theories,  are insufficient. 
This  is in accordance with calculations and measurements in the 
literature.    Figure 1 compares MSST, Michell's integral and the first 
two terras in the expansion of MSST at high Froude number,  for a ship 
having ^th-power waterlines.    This figures  should be compared with 
Figure 2,   (an elaboration of Figure 1 of Ref.   7) which deals with a 
ship having 2nd-power waterlines. 

We conclude that these theories,   in their present form, 
are not of general value for predicting wave resistance.    A fuller 
discussion will appear in Schiffstechnik. 

h.    Another Slender-Ship Theory 

The trend in recent work has been to emphasize the inade- 
quacies of the Michell-Havelock linearized relation between body 
shape and singularity distribution.    The slender-ship theories 
discussed above are not a satisfactory alternative.     Instead of the 
Havelock-Michell relation it has been proposed that the direct prob- 
lem  'ship given,  find flow) be treated by solving an integral equation 
purely numerically,  as  in Reference ^,  and the inverse problem (given 
flow,  find ship) be solved purely numerically by integrating the 
differential equations for streamlines, as In References 10,  11,  etc. 
Although published work on these problems ignores the wave term In 
the potential,   improved calculations are around the comer.    While 
this approach has been and will be fruitful  It leads to a certain 
awkwardness in design problems.    All practical design constraints 
Involve ship form and hence a practical treatment of low-drag design 
problems,   if carried out using the ideas mentioned above,  requires 
the solution of the direct or Inverse problem at least once and prob- 
ably several times.    This Is feasible but not completely satisfying. 

Dr.  Lurye of TRG and I were lead to consider the analogue, 
for flow problems,  of a slender-body theory under development by us 
for some other problems.    This slender-ship theory has the following 
properties: 

♦Validity here means a reasonable degree of agreement with experiment 
or Michell's Integral. 
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1) The body is replaced by a distribution of 
singularities* on the body surface, the 
strength of the distribution at each point 
on the body being determined by an elementary 
formula. 

2) Considering each singularity to be a wave 
singularity we get a wave pattern and wave- 
resistance. The resistance does not depend 
merely on the sectional area curve, and the 
resistance is not simply proportional tc 
(Beam) . 

5) The approximate singularity strength is 
asymptotically exact for slender general 
ellipsoids in uniform flow, and may be 
regarded as the first term in a convergent 
iterative solution of the integral equation 
for the exact singularity distribution (in 
uniform flow). 

k)    Minimum problems formulated within this 
theory involve the body shape directly, 
although approximately. While slightly 
more complicated than Michell's expression 
the resistance in this theory has prospects 
of being more accurate. 

The same theory (for sources) has already been proposed by 
Kochin in 193?'12^. Perhaps the relative lack of exploitation of the 
underlying principle, in any field, as compared with theories involv- 
ing singularities distributed on a line was due to the relative un- 
attractiveness of the surface integrals. However today's computer 
techniques make the theory attractive. 

The theory is conveniently obtained as follows, at least 
for smooth bodies. Consider the total potential 

«(x,y,z) = Ux + 0(x,y,z) (k-l) 

^Either sources or normal dipoles. 
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for the uniform flow of an infinite fluid past a slender body. As the 
slenderness parameter € -» o, the disturbance potential -♦ o, even on 
the body. This is known for general ellipsoids and can be proved for 
a large class of bodies. We shall use this fact to determine approxi- 
mately that distribution of normal dipoles on the body surface which 
will generate the same disturbance potential exterior to the body as 
does the body itself. 

Let aD(x,y,z) ((x,y,z) on the body surface S) be the exact 
dipole density. Consider the function <Kx,y,z) defined as follows: 

*{*,r,*)    = // a^xSy'.z1) ^ (^) dS        {k-2) 
s 

where R is the distance from (x,y,z) to the integration point (x^y'^z1) 
and d/dn'   is differentiation in the direction of the unit outward normal 
nCx'^y'jZ')»     t is harmonic inside and outside S.    From the definition 
of a-Q, we have 

^+(x,y,z)    -    0(x,y,z) (M) 

where the + means that (x,y,z) is exterior to S.    From Equation (^-2) it 
also follows that ^_(x,y,z) is a potential f^mction regular throughout 
the interior of S. 

The Jump conditions of potential theory when applied to 
Equation {k-2) tell us that 

a (x,y,z) = 7=- [r (x,y,z) - * (x,y,z)] (x,y,z) on S (k-k) 

M. .    . 
(x,y,z) on S (U-5) 

bt *; 
,t ^ - A 

- U t • n 
dn on 

where the equality on the far right of Equation (^-5) comes from Equation 
(U-3) and the kinematic condition on 0. (x is a unite vector in the 
positive x direction.) 

Equation (^-5) defines a Neumann boundary value problem for 
the determination of ^.(x,y,z) throughout the Interior of S. The prob- 
lem can be solved by inspection to give 
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^_(x,y,z) = - Ux    inside and on S. (^-ö) 

Substituting from Equation (^-6) into Equation {h~k)  we get 

ari(x,y,z)    =    — [Ux + r (x,y,z)] = ^ [Ux + 0(x,y,z)]    (x,y,z) on S 

(M) 
Thus -^ar we have used no slender body approximations and 

Equation (^-7) is exact.    We now introduce the aforementioned result that 
even on S 0 •-» 0 as the slenderness parameter c -♦ 0 to obtain 

A 1 
o_  (x,y,z)    =    —   Ux (x,y,z) on S (U-8) 
u ^n 

This is the desired slender body approximation to the surface 
density of normal dipoles on a body surface. The distribution represents 
the body in a uniform flow. 

The body can also be represented by a distribution of sources 
over its surface.  It can be shown by an elementary application of Green's 
theorem that Og (x,y,z), the equivalent slender body approximation to the 
source density, is given by 

a (x,y,z) = iu   Ux'n   (x>y,z) on S   (4-9) 
s U« 

This approximation is equivalent to the foregoing one for the 
dipole distribution in the sense that it generates exactly the same 
approximate potential outside the body. 

In the case of ellipsoids, where the exact potentials are 
known, one can verify directly that Equations (U-8) and (4-9) are the 
first non-vanishing terms in the expansions, for small slenderness, of 
the exact dipole and source densities for ellipsoids. 

In order to make a comparison between a„  and a« (Equation (4-9)) 
for a practical form we have utilized numerical values of as for a slightly 
modified Series 60 hull. The values of as were obtained from Douglas 
Aircraft via D.T.M.B. and were calculated by methods described in Reference 
9. The results appear to be quite accurate. They are presented (in Figure 
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\ A 3) as plots of aß and 03 ^s a function of position on a number of 
vertical sections of the Series 60 hull. The figures are adapted 
from Breslin and Eng (this seminar), who presented only ag. 

The figures reveal a considerable discrepancy between OQ 

and ag.  In regions where n*» 3? is appreciable as and 0^ have the same 
sign, but ag is larger in magnitude.  In regions where n • x is small, 
for instance near the keel and  near the waterline amidships, Og is 
small. However, if at the same or nearby stations ag is large in 
magnitude then, at the nearby regions where nN 5? is small as is 
moderately large and of opposite sign to the nearby large values 
of n • x. Qualitatively, it appears that large values of n« 5? on 
a section generate values of ag which by themselves would generate 
a body having r? • 5? large over that entire section. Hence in order 
to generate a flat spot in that section we need moderate and opposed 
values of as. The compensating valuer of Og, described as moderate 
in magnitude, can become large if the flat spot is small, as in 
Figure 5e, and one can probably find bodies for which the compeasating 
values of a* on a flat spot exceed the predominant values on the por- 

—» —» A tion having appreciable values of n • x. Notice that ag is a rather 
better appvoximation on the average (say over a vertical section) 
than it is pointwise. Notice also that very near the bow (Figure 2f), 
where the hull resembles a wedge, ag and oS are almost identical. 

Further comparisons of this type will lead to a better 
understanding of the relationship between ag and ag . 

All the singularity strengths mentioned above are those 
appropriate to an infinite fluid. This approximation improves with 
decreasing Froude number, but no published quantitative estimate of 
the associated error, as regards either the representation of the body 
or its wave resistance, is known to us. We have begun to study this 
problem, and also sane of the other problems raised by the thoughts 
leading to Equations (h-Q)  and (^-9). 

5. Zero Wave Resistance 

The resistance of a volume distribution as of sources is 
given (e.g. by Lunde'^)) as 

R w 

- X2dX 
16« IJ / -TJ  |I + iJ| (5-1) 
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where 

I + iJ = / / / os(x,y,2) exp (5-2) 

{iK0Xx + iK0X /x
2-! y •»• K0 X

2z} dxdydz 

By suitably concentrating as the cases of surface, line and point 
sources ar3 included, and by introducing linearized relations between 
source strengths and body shapes R can sometimes be interpreted as 
the approximate wave resistance of some body. It is clear from (5-1) 
that Ry = 0 implies I + iJ = 0 p.p. on 1 < X < «.  It is natural to 
raise the question of positive definite.ans: does I + iJ = 0 p.pt for 
1 < X < w imply o = 0? In simple cases (sources on a line segment, 
simple distributions os ■ as^'(x)as^'(2) on a vertical plane) it is 
easily shown that R is positive definite. In general it is not, so 
that non-zero distributions can have zero wave-resistance. 

It :s fascinating to wonder why the question of positive 
definiteness was not asked and answered many years ago.  If Michell 
had asked himself this question he could surely have answered it. We 
will devote a few lines to some (essentially equivalent) views of the 
matter. First, we observe that a function of one variable (I + iJ) 
is controlled by a function of more than one variable (as). This 
suggests that several functions as may lead to the same I ♦ iJ, (which 
implies zero wave resistance by linearity) but does not show how. 
Birkoff and Kotik'1^) showed explicitly how the wavemaking due to 
sources on a line can be duplicated by another distribution on a line 
closer to the free surface. This leads to zero wave resistance if 
one of such a pair of distributions is chc.nged in sign. They also 
showed how the heat-conduct ion equation governs the problem of sources 
on a vertical plane, and paid special attention to the case in which 
all the sources are brought to the free surface. However, they paid 
no attention to positive definiteness or zero wave resistance. 

Krein (see Ref. 15) treats th-j proulera and distinguishes 
between the case in which the dipole distribution is required to be 
positive (physically-realizable ship in thin-ship theory) and the more 
general case. He uses the heat-conduction equation to construct a 
large class of vertical-plane distributions, vanishing outside a finite 
rectangle, having zero wave-resistance. Krein observes that they must 
have some negative ordinates (thin-ship theoiy). Bessho'-'-^J has 
analyzed the problem in almost the same way and raised the stronger 
objection that the linearized volume* is always zero.  Related but 

*For the same subclass, of the class of waveless vertical-plane dis- 
tributions, considered by Krein. 
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more special results have been reported by Yinr    ',  who also addresses 
himself to practical problems.    Captain Shor has considered the problem 
of rendering a given vertical-plane distribution reslstanceless by 
adding to it a strut-like distribution.    The solution of the problem 
of characterizing the class of waveless volume distributions (vanishing 
outside a finite region) in a useful way has not yet been reported. 

■ 

The thermal diffusion process in the vertical plane has an 
analog in Fourier transform space. Looking at (5-2) let 

I + U o o = / as(x,o,o) exp {iK^Xx} dx        (5-3) 

be the differential contribution of ae(x,o,o). If that element is now 
parallel-translated in space its contribution becomes 

exp {lK0X A
2 -l y ♦ K X2z} • / at,(x,o,o)exp {iK Xx} dx   (5V0 

If y = 0 this is the exact manifestation of thermal diffusion. 
Allowing y / o, the possibility ot cancellation appears if the trans - 
lated distribution is altered to cancel the factor exp {iK X vX-1 y 
+ K X z}, multiplied by -1 and added to the original distribution. 

Consider now the question of practical design, the question of 
ships rather than distributions. We recall the points made by Kreln 
and Bessho, regarding negative linearized ordlnates and zero linearized 
volume for vertical-plane distributions. We note also that Yim's cancel- 
lation procedure Involves infinitely deep distributions which must be 
truncated in practice. To consider the problem in its general form, and 
in Fourier transform space, we note that I + 1J, defined by (5-2), is an 
analytic function* of X in the plane slit** from -1 to +1 (if /// |as| 
dx dy dz is finitfe) and hence if I + U = 0 p.p. for 1 < X < « then 
I + U = 0 and in particular (X = 0) /// as = 0. This is o.k. since 
it suggests a closed body. However, if we replace X by X* in the 
numerator of (5-2) and replace as by ap in (5-2) then Ry is the wave- 
resistance of the distribution of aD of x-directed dipoles. Again, 

* This theme was broached in Section 2 above. 
w M 

I + U is an entire function of X if the distribution is symmetric 
port and starboard 
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if /// |OLJ dx dy dz is finite we have I + LJ = 0 and (X = 0) /// aD = 0. 

This is annoying, since for vertical-plane distributions it means that 

the linearized volume is zero. Accoiding to Landweber and Yih^ '-' the 

true volume (ignoring free surface) never exceeds the linearized volume 

((2jt/c) times dipole moment), a result valid for general volume distri- 

butions. We are thus forced to conclude that if we want to improve our 

chances of getting bodies we must either accept a positive, but perhaps 

smalx, wave-resistance, or else abandon the condition /// |as| < «> or 

///lv!<--+ 

6.  Simple Ships of Minimum Wave-Resistance 

In the course of conducting the research described in Reference 

1, Karp and myself, simultaneously and independently, treated the minimum 

problem for simple aipole distributions (those described by product func- 

tions f(x)g(z)) in the same spirit* as strutlike dipole distributions are 

treated in Reference 1. Strutlike dipole distributions are a special 

case obtained by taking g(z) = 1, o < z < «. Karp and I obtained some 

analytical results, including a proof that in the limit of high Froude 

number the optimum f(x) is independent of g(z) and equals the optimum 

f(x) already found for strutlike dipole distributi ns. 

More recently, TRG's computer group has helped me to treat the 

problem numerically. Their computer program is of a different character 

from the one described in Reference 1, in that f(x) is now described by 

a polynomial 

f(x)  =       ± )   or' T^ (at),      (6-i) 

(where T_ is the Tchebycheff polynomial of the first kind) rather than 

by its values at a finite number of points x^. In checking the present 

program we made use of strut results, -'ncluding those presented in Refer- 

ence 1 and those presented by Maruo^ '^ and Bessho^ '. Figure k  shows 
the minimum wave resistance coefficient vs. Froude Number, as presented 

"♦"As indicated above the theorem of Landweber and Yih cannot be applied 
directly to flows having a free surface. Therefore, although JJJa-Q =  o, 
we cannot conclude that there are no bodies having zero wave resistance. 

The existence of such bodies was discussed by Prof. Karp in his talk at 

this seminar. (Note added August 26, 19^3) 

♦Given g(z) and // fg, find f(x). 



-977- 

4   — 

^ C^     FOR 
STRUTLIKE 
DIPOLE 
DISTRIBUTIONS 

KEY 

BESSHO-MARUO - • 

KARP-KOTIK-LURYE - X 
TRG SIMPLE-SHIP PROGRAM -O 

FROUDE NUMBER 

.6 

FIGURE 4 



-978- 

in Reference 1, in Reference k  and as found from TRG's new program. 
The new results are in close agreement with Bessho, whei'eas the 
results of Reference 1 begin to deviate at the lower Froude Ilurabers. 
The possibility of such a deviation was pointed out in Reference 1. 
It is due to the increasingly oscillatory character of the kernel and 
the use of only seven points x^ in the numerical work.  The new program 
allows up to 16 terms in the expansion of f(x), and should give good 
results at Freude numbers considerably lower than .4.  At f = .^ we 
have the following data: 

Cw = 1.137^   (TRG) 
1.138U   (Bessho-Maruo) 

2h(x) -- 2 VCl/U-x2 f(x): 

TABI£ 1 

x .0        .25        .5 

' ,G I.256U8   .86326     .1681+6 

Bessho-Maruo    1,2565^     86307      .16868 

We present also our first requite for simple ships. We 
considered a design Froude number of .h, a draft-length ratio of 

005 (for the dipole distribution), and the two vertical sections 

g1(z) = 1, o ^ z < D 

and 

h 
g2(z) = I - (J) , o< * <D , 

In the course of numerical work we also let DZ! = 1, ."), l._0.___The 
resulting optimum f(x) are presented as graphs of h(x) ■ \1 {l/h)~x^  f(x), 
in Figure 5«  There is a small dcru ndence of the optimum h(x) on D/l. 
and on vertical distribution.  The values of thv (minimum) wave-resist- 
ance coefficient 

,1       2 -2 
Cw -    Rw/ö PC B  , 

whore 2BLD = linearized volume are given in Table 2: 
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^h(x)« J(l/4)-x2'- f(x) 

D/L = .05 

D/L » .1 

D/L • .5 

FIGURE 5a.   FOURTH-POWER VERTICAL DISTRIBUTION, 

f « .4, VARIOUS D/L 
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kh(x)« J(l/4)-x2'-fU) 

1 

D/L » .05 

D/L » .5 

FIGURE 5b.   WALL-SIDED VERTICAL DISTRIBUTION, 
f «.4, VARIOUS D/L 



mam 

-981- 

TABLE 2 

D/L S = g1(z): Cw 

.05 .10597 

.1 .52612 

.5 1.1535 
1.0 1.195'» 

00 1.1979 

g = g2(z):      C^ 

.IO867 

.35665 
1.6357 

As a matter of interest the calculated values of (Maruo's) 
resistance coefficient for the optimum distribution associated with , 
g1(z), with D/L = .1, .05 have been compared with the data in Maruo's^  ' 
Figures 5 and 6 respectively, Maru >'s models having L/D = 8, l6 respec- 
tively, and a 10-th power vertical section. This comparison is conductsd 
in the framework of thin-ship theory, and within the framework of this 
theory the comparison is for hulls having the same displacement. The 
fact that Maruo's models have larger D/L by a factor 1.25 is favorable 
to them, but of course they are not designed for f = .h, 

 , Rv 6 A = 1.42 x 10'k for D/L = .05 
(l/2)pU2L2 

(2i = L). 
= 5.39 x 10"^    for D/L = .1 

These points should be plotted on Figures 6 and 5 respectively of 
Maruo's paper at this seminar. 

The ratio of wave-resistance to displacement is given by 

«w  _ 1 B -2 ——  —   _ _ i.   y, , 

pgV    kB w 

Still speaking within thin-ship theory, and using the value C = .IO867 
for D/L = .05 and g = g2(z), and taking (2B/D) = (average full beam/draft) = 2, 
and f ■ .4 we find 

-*- = 4.36 x 10"5 (lbs/lb) =8.72 lbs/ton . 
pgV 
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WITH INFINITE DRAFT 
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1.    Introduction 

The minimum problem of the wave resistance of ships has generally 
no solution or at least no unique one analytically except special cases, v"/ 

One of such special cases is of ships with infinite draft repre- 
sented by draftwise uniform doublet distribution over the vertical center 
line plane.v7J 

... 

In this case, the existence,  the uniqueness and characters of 
the solution were given by Professor Karp and others.(7) 

They solved the integral equation numerically, and this was an 
easy way but difficult to secure a necessary accuracy especially in low 
speed where the wave resistance becomes very small. 

In the other way, the analytical treatment is not only simple 
too but supplies very many interesting knowledges so far as we have com- 
plete tables of necessary functions. 

In this paper, the author presents such treatment of the problem 
with the aid of the text and tables of Mathieu functions which he has been 
able to use.(*#5j 

2.     Wave Resistance Formula 

Consider the uniform flow with unit velocity flowing from the 
positive direction of x-axis down to the negative and the doublet of which 
axis directs to the positive x-axis and distributing draftwise uniformly 
over the plane     I x]   ^1 . 

Then,  the wave making resistance of this doublet distribution 
is given as follows.^'»   ' 

R = pg2B2/n    /    |F(g secö)|2 sec© do , (2.1) 
o 

with 
1 

F(p)   =    / H(x) exp(-ipx) dx  , (2.2) 
-1 

where p means the water density, g the gravity constant in this unit 
system and I F|  tht absolute value of F . 

.987- 



The function BH(x) represents the doublet strength except the 

constant multiplier and equals neaxly to the breadth of the ship consid- 

ered by well-known appro;.imation. 

Moreover, B stands for the mean breadth, so that the mean value 

of H(x) should be unit, namely, 

1 

(1/2) / H(x) dx = 1 . (2.3) 
-1 

Changing the order of integration, the formula (2.1) can be 

written as 

1 
Cw = 8R/(p^) = 8g2  r H(x)r(x) dx , (2.10 

with 
1 

r(x) = -(1/2) / H(x')Yo(gU-x,|) dx' , (2.5) 

where YQ is the Bessel function of the second species. 

Taking the variation with respect to H(x) in this formula 

and neglecting higher order terms, we have 

ACw = l6g2r(x)[AH(x)Ax] . (2.6) 

Namely, the variation of the wave resistance with small deforma- 

tion of the water plane area is proportional to the function r(x) . 

For this property, we name it the influence function following 

to E. Hogner. (-5) 

Now, taking the class of functions considered by S. Karp and 

others, assume the next expansion in series of Mathieu functions, here- 

after we follow the notations of McLachlan's text,'^"' 

H(x) = <p(ö)/sinÖ , x = -cos9 , (2.?) 

and 

00 

(p(9) =  Z ancen(ö,q), q = g2/^ . (2.8) 
n=o 
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and 

Putting this expansion in (2.5) and (2.4), we have 

r(x) = Z nnancen(©,q) , (2.9) 
n^D 

Cv = l^tg2 Z u ,q^ , (2.10) 
n=o " " 

where 

H2n = -(V2)[Ai2n)/ce2n(«/2,q)]
2Fey2n(0,q)/ce2n(0,q), 

^2n+l " -(«/
2)[^2n+l)/ce^n+1(n/2,q)]

2Pey2n+1(0,q)/ce2n+1(0,q), 

(2.11) 

because of the orthogonality of functions.^ ' ' 

The form of the right hand side of (2.10) reduces the problem 
to simple calculation. 

Some value of ^n are shown in Table 1. 

3. Minimum Problem I (8) 

Firstly, consider the problem to minimize the wave resistance 
when the ship length, speed and water plane area are given, or in other 
words Froude number (Fr.   = l/v2g)    and the mean breadth    5   are given. 

This means to minimize    Cw    of (2.U) or (2,10) under the condi' 
tion {2.5), which is rewritten as follows,  putting the expansion (2.7) 
and (2.8), 

^    a2nAo2n) ■ 2/« ' ».« n=o 

Thence, making use of Lagrange's method, we may have the solu- 
tion as 

■ 

a2n - 2x42nVM2n ■ 4n ,    a^+l - 0 , (3.2) 
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where    X    is Lagrange's constant and determined by (3.l)> that is, 

X = l/(itCo,o), ''Co,o = X (A^n))2/H2n (3.3) 

Putting these values  into (2.10), we have 

Cw = I6g2x = I6g2/(nc0>0)  = Cwo  . (3.4) 

Moreover, the influence functions  (2.9) becomes 

r(x)    = 2X •    Z   A^2n)ce2n(ö,q)   = X = Cwo/(l6g2)   , 
nao 

by the expansion of a constant in Mathieu functions. 

(3.5) 

Secondly, consider the case when the area and the moment or 
center of floatation of the water plane area are given. 

This latter condition is given as, say. 

(l/k)    J  H(x) x dx = ct , (3.6) 

which means that the center of floatation is aft of midship by a times 
of the ship length, and this determines one more relation between the co- 
efficients other than (3.1)* namely. 

1 ^n+A^  - « <V« • (3.7) 
n=o 

In the same way as the above, we have easily found the follow- 
ing result. 

a2n+1 = 8 a Ai2n+1)/Uc1Au2n+l) = a ajn+1 , 

Cw = Cwo + 16 a2Cwl  , 

r(x) = cwo/(i6g2) + a cwi cosd/(2g2) , 

a2n and Cwo are the same as (3.2) and (3.4) and 

(3.8) 

(3.9) 

(3.10) 

Cwl = I6g2/(n ci,i) , Ci,i - E ki**1*)2/**»! , 
n^D 

(3.11) 
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Thirdly and lastly, let us add to the first problem the con- 
dition that the second moment of the area is given arbitrarily. 

That is given as 

above. 

where 

(1/8) / H(x) x2 dx = m2 

-1 
(3.12) 

nv 2 = 1/8 ♦ (n/32) Z a2nA^ 
(2n) 

n^D 

Then, we find easily the next solution in the same way as the 

a2n = 4n + ^ b2n >  a2n+l = 0 ' 

b2n = ^0,0 A^n) -C0,2A(2n)]/(nA^n) , 

Cw = Cwo + 72Cw2  , 

r(x)   = Cwo (l6g2)   - 2y[C0t2 = Co,o cos 29]/(n A) 

A " Co,o C2,2  " co,2  » 

C0,2 =   ^ A>)A^)/M2n ,  02,2 = Jo  (A^))2A.2n 

7 = l6(m2.m2)   ,    m2  = l/8 ♦ C0^2/(l6Co^0)   , 

Cw2 = l6g2C0^0/(n A)   . 

(3.13) 

(3.1M 

(3.15) 

(3.16) 

(3il7) 

(3.18) 

In this place, let us introduce the quantity 

00 

6 = 1/H(0)   = l/[ Z    a2nce2n(n/2,q)]   , 
n=o    ^      c (3.19) 

which equals approximately to the usual water plane area coefficient. 

In the first problem,  this quantity takes the value 

6 = 50  = jtC0 0/(2D0)   ,  D0  =   Z    A^2n)ce2n(n/2,q)/n2n  , (3.20) 
n=o 
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and in this case, using the above notations, 

1/6 = l/50 + 27{C0  0D2 - C0)2D0)/(* A), 

(3.21) 
00 

D2 = Z A^2n)ce2n(Jt/2,q)/^2n . 
n^i 

The quantity ■ or y is not familiar than 6, so that the 
solutions in this case are computed for four given values of 5 using 
this relation. 

The numerical values of the above appeared quantities are 
shown in Table 1 and 2 and Figure 1 to 6, and moreover the expansion 
coefficients of the solution in Mathieu functions are converted in the 
ones of trigonometrical functions and shown in Table 3« 

Namely, write the solution of the first problem 

Ho(-ccsö) = q)o(9)/sinÖ , 
(3.22) 

n=o 

then we may write by the conversion 

<po(ö)   =   Z   a£j)cos 2*0 , a^  =   Z   4nA2^n)   ' Ö.») 
msc n=o 

In the same way, we define the coefficient a^1' as follows, 
m 

00 

H^x)  sin© = ^(9)  = £ a*n+1 ce2n+1 (ö,q)  , 

^(ö) =   Z   a^ cos(2m+l)© , (3.24) 

a^    =   Z   a*     A(2n+1) a2m+l     nto    2n+lA2m+l 
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00 

H2(x) sin9 = cp2(ö) = Z b2nce2n(G,q) , 
n=o 

«Pc (a) - Z a^^ cos 2n0 , (3.25) 
m=o '-In 

(2)   S  # (2n) 
2in   n=o 2n 2** 

h.    Minimum Problem 11^ 

In the preceding paragraph, we do not encounter any theoreti- 
cal difficulty, but such proposition of the problem is somewhat differ- cai dillicuity, out sucn pj 
ent from 0. Weinblum's.(6) 

As widely known, he had considered the problem when the dis- 
tribution vanished at end points and the area coefficient was given. 

It was pointed out by S. Karp and others that this first con- 
dition was not adequate analytically.'^ 

Here, we will show that the second condition is not adequate 
too in the same meaning. 

The second condition says that H(0)  is to be given arbi- 
trarily by (3.19). 

By Lagrange's method, introducing two constants, we have the 
solution 

a2n = [2XlAo   ♦ X2ce2n(n/2,q) J/^n . (^.l) 

Putting this into (2.9);  the influence function in this case 
becomes 

00 

r(x)   = Xi -K X2    E    ce2nU/2,q)ce2n(ö,q)   , (U.2) 
n=o 

in which the  series of the second term is summed up as the next by in- 
cerchanging the ord^r of summation and using the  relations between 
Fourier coefficients of Matl^eu functions. 
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Z ce2n(n/2,q)ce2n(9,q) = Z  Z  Z (-l)rA^n)A^n)cos 2sö 
n=o  •-"       mM r=o s=o n^D 

00 y. 

= 1/2 + Z (-1) cos ?r© = (1/2) lim [sin(2N+l)(©-n/2)/sin(9-n/2)] , 

This value oscillates the more rapidly as the more N in- 
creases, so that we may not find the definite meaning of this problem, 
that is this problem is not adequate. 

As easily seen, we shall meet the same difficulty as in (4.3) 
when we consider the first condition. 

This property of his method may induce em instability of the 
solution as he wrote.^°' 

5. Properties of the Solution 

We will notice here some properties especially in low speed, 
because S. Karp and others gave them in high speed. 

One of the most interesting is that the value of nu becomes 
very much smaller by decreasing its order especially In low speed as we 
see in Table 1. 

This means from (2.10) that the lower the order of Mathieu 
function is, the smaller the wave resistance. 

Hence, the optimum distribution consists almost of the first 
three Mathieu functions as we set in Table 2. 

This fact enables next simple asymptotic formulas by making 
use of asymptotic ones of Mathieu functions, that is, 

Cwo = 6hg2  exp(-2g) , for g » 1 ,           (5-1) 

6o=^7(2S", (5.2) 

4  = l/(^) , (5.3) 

Owl = 6kgk exp(-2g) ,                      (5.M 
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Cw2 = 16g6 exp(-2g) , (5.5) 

6 = bc/(l - 7g/4) , (5.6) 

These formulas show also more explicitly the above principle 

in low speed. 

Now, the distributions of the first problem without other re- 

striction are shown in Figure 2 and those of the third problem with the 

given area coefficient in Figure 3 to 6. 

In Figure 7 and 8, G. Weinblum's results are shown compared 

with our results, and notwithstanding that they were computed for the 

finite draft, they are similar as ours in general but the case when they 

have a large swan neck.  In these cases, our solution has always a nega- 

tive part, and so it has no practical meaning, but it should be remembered 

that the area coefficient of the optimum distribution without restriction 

is always larger than the value in these cases. 

In this meaning, the third solutions corresponding to the 

dotted branch of the resistance curves in Figure 1 have no meaning. 

6.  Wave Profile 

The wave profile of the optimum distribution must have some 

character different from the ordinary ones. 

For this purpose, consider the surface elevation on the x-axis. 

It is given as follows in our case. (2) 

1 
C(x)/B = -(gA)    /  H(x')z[g(x-x')j dx'   , (6.1) 

-1 

with 
ZU)       = (d/du)[H0(u)   - Y0(u)]   , for    u>0   , 

= (d/du)[H0(u)   - 3Y0(u)]   , for    u < 0   , 

where    HQ    means  Struve's function. 

Now we may write  (6.2)  as 

Z(u)   =  [H^(u)   - Y1(u)]   ♦ 2Y1(u)   , for    u > 0 

= [H^(u)  + Y1(u)]  + 2Y1(u)   , for    u < 0 

(6.2) 

(6.3) 
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In this right hand side, the function in the parentheses is 

even, but Yi(u) odd, and both functions tend infinity at u = 0 as 

l/u, so that the integral of the even part diverges but the one of the 

odd part has a definite value in the sense of Cauchy's principal value 

for Ixl < 1 . 

Namely, if we assume the distribution symmetric about the 

origin, the even part of the surface elevation tends infinity but not 

for the odd part. That is, remembering (2.5), 

1 
Odd part of    [^/B]  = -(g/2)      / HU'^[gU-x') ] dx' 

= -(d/dx)  r(x)   . (6.4) 

Hence, this should vanish in the first problem, because the 

influence function is constant by (3.5), and means that the surface 

elevation of this optimum distribution should be symmetric about the 

midship.  Inversely, if the surface elevation be symmetric, then the in- 

fluence function should be constant by (6.4), so that the distribution 

would be optimum. 

In the same way, the odd part of the surface elevation of the 

third problem is lineax by (3.15) but numerically very small in low 
speed. 

Thence, these are the very character to distinguish the opti- 

mum distribution. 

Lastly, we will give the surface elevation far upper and down 

stream. 

Since we have an asymptotic expansion' ' 

Ho(u) - Yc(u) = 2/(nu), for » 1 , 

putting this into (6,1), we have approximately 
1 

C(x)/B W [l/(2Jtgx2)]     f Htx^dx'  = l/(ngx2)  ,    for    x » 1 ,     (6.5) 

When    x    is negative, the elevation consists of the same sym- 
metrical pai t and the free wave part. 
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The latter part takes the next form by (6.1) and (6.2), 

1 
£f(x) B = -g / H(x,)Y1[g(x-x')]dx' 

■ -2(d/dx) r(x) , for x < -1 , (6.6) 

where the influence function takes a different form from the above in 

this case when Ixl > 1 . 

Namely, for the even distribution, we have 

r(x) = -(«72) I    a2n[A^
n)/ce2n(n/2,q)]

2 Fey2n(u,q) , 
n=o 

for x = -cosh u , (6.7) 
8) 

Especially,  for the first problem in low speed, this equals 
nearly to 

r(x)   = -(n 2)a.*[k()
0)  ce0{n 2,q)]   Fey0(u,q) 

'= [2exp(-g) vicgfäcf] cos(g|xl   + n/k)  , 

so that we have, by differentiation, 

^(x)/B m - [kSg exp(-g)/Vic|x|]   sin(g|x|   + nA) 

(6.8) 

or 
- 1/2) /Cwo/Uglxl)     sin(g|xl   + */k)  , (6.9) 

7.  Conclusion 

Summarizing the above results, we may conclude as follows. 

i) The minimum problem of the wave making resistance of the 

doublet distribution which is draftwise uniform and tends infinitely 

great depth can be solved most easily by making use of Mathieu functions. 

ii) The solution of the first problem when the total sum of 

the doublet or approximately the water plane area is given, the second 

problem when the center of floatation is also given and the third prob- 

lem when the second moment of the area is given are solved and shown in 

tables and figures. 
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iii) The third problem is solved instead of the one with 

the restriction for the area coefficient, because the proposition of 

the prob-Lem for this case is not adequate usually. 

iv) In low speed, expanding the distribution in Mathieu 

functions, the lower its order, the smaller the wave resistance becomes, 

so that the optimum one consists almost of the one of the lowest order. 

v) The wave profjle along the distribution becomes infi- 

nitely large, but it should be symmetric about the midship at the 

optimum speed in the first problem. 

In the last place, the author thanks heartily to Professor 

Maruo for his kind suggestions and discussions. 
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EXPERIMENTS ON THEORETICAL SHIP FORKS OF 

IEAST WAVE RESISTANCE 

INTRODUCTION 

The problem of finding a ship form which presents the 

least resistance under conditions imposed by practical requirements 

has been a goal of ship designers and ship hydrodynamicists.  The 

vast efforts at the experimental towing tanks aims at the fulfill- 

ment of this goal. On the other hand, there are attemp's to handle 

the problem fron the theoretical point of view, as a consequence of 

the development of the fluidmechanics.  On accepting Froude' s 

hypothesis, that the total resistance of a ship is the sum of its 

wave resistance and viscous resistance, both components must have 

close relations with ship fonns.  The present state of knowledge 

about viscous flow is not yet sufficient to yield a detailed analysis 

of the relationship between viscous resistance and the ship form. 

On the other hand, a purely analytical discussion is 

possible for wave resistance, proviied the effect of viscosity 

is neglected and linearization of the equations are permissable. 

Under theje circumstances mathematical methods for minimization of 

wave resistance have been tried by variouj researchers since Weinblum 

published his first attempt."^ When the wav? resistance is given an 

analytical expression as a functional of the function which gives 

the equation for the ship's surface, the problem of minimizing it is 

a purely mathematical problem, i.e., the calculus of variations. 

There were controversies about the existence of the solution to 

minimize Michelles integral under a certain side condition which 
was necessary. Von Kaman and Sretenskii^ expressed their opinions 

of denial of the existence of the solution when a ship of constant 

displacement is considered. Wehausen showed that a solution might 

exist if some restriction is imposed on the function. Quite recently 
Karp, Kotik and Lurey5 showed that a solution does exist for minimiz- 

ing the strut-like dipole distribution of infinite draft. They have 

calculated the water line shape of the strut by which the wave 

resistance is minimized under the condition of a constant sectional 

area. Their achievement seems to put to end the conflict about the 

existence of the solution minimizing wü/e resistance for constant 

displacement. There is another striking phenomenon when another 

side condition is introduced, namely, the nonexistence of the solution 
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for a ship of given breadth,.     It is attributed to Bessho's finding. 
Weinbluiu's calcalati^n'  concerns the optimum form of a given prismatic 
coefficient.     If the displacement  is fixed,   constant breadth is  implied. 
Accordingly,   a difficulty again appears  in the minimization problem. 

At any rate,   the existence of the  solution under the  single 
side condition that the displacement is fixed is certain.    The results 
of Karp and others are derived in a numerical way with the aid of an 
electronic computor.     The solution shows  some inaccuracy at Froude 
numbers .Lower than O.k.    Accordingly, their results are confined to 
the higher Froude number range.    Unfortunately,   the result for higher 
Froude numbers is not feasible for practical ship forms.    Therefore, 
results for lower Froude numbers are needed.    A numerical approach 
does not appear to be  the proper method to obtain a solution at  lower 
Froude number tecause  of the osctlVxting nature of the Kernel of the 
integral equation which represents  the optimum condition.     However, 
there is an analytical way to solve the  integral equation and if one 
makes use of numerical tables of the necessary functions exact values 
are determined.     It  is of great interest to perfo:m the actual measure- 
ment of resistance  of the form which shows the minimum wave resistance 
predicted by the theory.    Models were tested at the Yokohama University 
Tank.    This  is the report of the result. 

Determination of the Vertical Strut of Minimum Wave Resistance 

It was  shown by Kapr and  othe:s that Michell's  Integral in 
its original  form does not serve to determine the optimum form.     In 
place of it,   the  integral obtained by integration by parts  is employed 
Take the x-axis as  the  longitudinal axis  of a ship,   the y-axis  athwart- 
ships,   and the z-axis draftwise downwards.     The coordinates origin is on 
the load water line,   amidships.     Consider a thin ship of length 2£, 
breadth 2b und draft T and let the  underwater portion of its surface 
be expressec   by an equation 

y = + f(x,2) (1) 

The wave resistance given by Michell's  integral is 

£     £     T    T 

*U2     J    Vx2-1 J   J   J    J öx Ox« lU2 J 

1 -£    -£ o    o 

S- >2(z+z') 

x eU' dxdx'dzdz' (2) 
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If we consider a strut-like ship of uniform water line and infinite 
draft, the integration with respect to z leads to 

00 i       i 

R = ^ r äi_ r f ¥i*i df(x') cos M (x-x')}dxdx' 
n   ^   X2>/x5Ti J    -   dx    dx'      U2 

(3) 
The function f is now a function of x alone. Integrating by parts 
with x and x' we obtain 

R = ii£S-  /    dx    f   T f(x)f(x')cos {S_ X(x-x')} dxdx'  (K) 

This formula is interpreted as the wave resistance of a dipole distribu- 
tion whose intensity per unit area is U f(x)/(2n), with the condition 
that the function f(x) is zero at both ends is exempted. The condition 
of constant displacement requires that now the water plane area, JL* be 
constant which is given by the equation 

i 

2  / f(x) dx = ^ = const. (5) 

-i 

The Eulerion equation which expresses the minimization of 
Equation (h)  under the side condition Equation (5) is 

00 

r   dx fix')  cos {fi^ xCx-x')} dx' - k = 0     (6) 

where k is the Lagrangean multiplier.  Because of the integral repre- 
sentation for the Bessel function of the second kind 

00 

Y0(x) --If   cos(xX)   . P (7) 
n J N/X

2
 - 1 

1 

we can write the integral equation, putting g/U = K 

-Ä f fC«') Y0 {K(X-X')} dx« = k (8) 
-i 
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This is a special ca^e of the Integral equation of the fom 

:.(.-') Y0 ^.(x-xOj  «Ix« = 0(::) ( ) 

o 
which was first solved by Dörr.  To obtain the solution, we tran: 
fon.: the variables by 

x = -i cos©    x1 = i cos© 

— k = k' and put KJ = K0 

If we write the solution in the fona 

(10) 

(11) 

f(x) . ^w 2l£l 
ki    sine 

(12) 

the integral Equation (8) becomes 

-  / a(e) Yo {K  (cosC - cose)} de = k' (15) 

The eigen-function of the above integral equation is the even Mathieu 
function of the integral order cen(e, q) which is a periodic solution 
of the Mathieu equation 

<Lj + (a - 2q cos 2e) y = 0 (14) 
dQc 

v;here q = l/h  K 

If we write the eigenvalue as l/(2u ), the following integral theorem 
exists. 

Yo {K0(COS e
1 - cos e)} cen(©

,,q)de' = 2^n  cen(e,q)  (ij) 
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Since the Mathieu functions ce form a closed orthogonal 
system in the interval 0 < 0 < n, any function can be expanded by 
them. We have the special case 

1.2 y Ao
(2n) ce^ (Q,q) (16) 

n=o 

It is readily shown that the solution of Equation (13) is symmetric 
with respect to 6 = n/2, therefore a(©) can be expanded by Mathieu 
functions of the even order, e.g. 

a{9)    = a0ce0 (6) + a2ce2(©) + a^ ceJ+(©) +       (l?) 

Substituting Equation (17) for a(©) in the integrand and Equation (l6) 
for the right-hand side of Equation (13),   and making use of Equation 
(15), comparison of the coefficients of cepj. gives 

a2n = k'Ao
V  VM2n (18) 

(2r\) 
The coefficient A„  ' is the coefficient of the first term of the o 
Fourier expansion of ce2 : 

ce2n(©, q) = AJ,2^ ♦ A2^2n^ cos 2© + Aj^2^ cos 4© +    (19) 

The coefficient u  was given an explicit expression by Bessho" making 
use of modified Mathieu functions. He also calculated the value of 
M2 and gives values of ap . The coefficients A^ n' are obtained 
from tables.-  The value of k is determined from relation Equation (5) 
or 

/ 
a(©)d© = 2 (20) 

The optimum dipole distribution is calculated by Equation (l?), 
but because there is no table available to find the value of cen, a tri- 
gonometric series (19) is used to calculate the value. The result is 
shown in Figure 1. At both ends the intensity of the dipole becomes 
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infinite, that means the concentration of the singularity. The 
actual shape of the waterline is obtained by tracing the stream 
line. We have to rer oer that the present results issue from 
linearised theory. T reofre a further step must be made under 
the restriction of the linearization. As previously shown, the 
dipole is concentrated at the ends.  It is observed that the stream 
line near the ends is substantially governed by the dipole distri- 
bution of the type Co/sinO where a is the value at Ö = o or «. 
Therefore, the shape near the ends is determined by the stream 
line associated with the above dipole distribution. At regions 
not near the ends, the slope d f(x)/dK is assumed small because 
of the linearization assumption. The slope of the waterline itself 
is then given in keeping with Michell's assumption. The shapes in 
Figure 2 are obtained in this manner. These shapes have the same 
area which are chosen so as to be 

kj{2i)2    = 0.08 

The Determination of the Optimum Form of Slender Ships 

The results obtained so far are for the case of infinite 
draft. What is actually needed is the optimum shape for finite or 
rather small draft. Results may be obtained from Michell's integral 
with finite draft. However, an analytical method cannot be applied 
to such a case. With ships of ordinary proportion, the draft is 
usually less them half the beam. It is doubtful that one can apply 
the thin ship approximation in this case, there is another approxi- 
mation that may be fitted to a ship of finite draft; the slender 
ship approximation. According to the theory of slender ships, ^ ^ 
the wave resistance is equivalent to that obtained from Michell's 
integral in which the draft tends to zero. Therefore we may expect 
the ship form that minimizes the wave resistance to be given by 
slender ship theory. The formula for the slender ship indicates that 
the wave resistance is determined mainly by the shape of the sectional 
area curve. Accordingly, we can write the wave resistance in the form 

^M^x-xOdx-   (21) 

dx   dx 

where A(x) is the area of the cross section at x. In order to give 
Michell's integral for a wall-sided ship of finite draft, the func- 
tion K takes the form 
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2 f   /        -KTX" 2 r      . -T dX ,      x 
K(x-x')-—=—5      /    (1-e )    cos {KX(X-X')} -2-^==.     (22) 

«(KT)2 

Now let us consider the minimization of Equation (21) under the condition 
of constant displacement,  which is given by the equation 

i I 

I    A(x)dx   =    -     T    jA^itj    xdx = ^ = const. (23) 
^ ^    dx 
-i -i 

where V1 is the volume of displacement. According to the principle of 
the calculus of variations, the condition for minimizing Equation (21) 
under the side condition Equation (23) is expressed by the following 
equation 

i 

K2  T dA^xU K(x.x.)dK. + kx = o {2h) 
J        dx' 

-i 

where k is aga-'n the Lagrangean multiplier. Note that Michail's 
integral-presents no solution of Equation {2k)  at all. Integrating 
Equation (24) twice with respect to K, and putting 

K(x) = ütel (25) 
dx2 

we obtain 

2 f äfetsU LCX-X' ) dx' + kg + ^x + i kx5 - 0   (26) 
^   dx ^ 

where k-^ and kg are integration constants. It is obvious that the 
ship form for minimum wave resistance is symmetric with respect to 
the midship section, so that clA(x)/dx is an odd function. Since the 
kernel L(x-xl) is symmetric, the terms on the left-hand side of 
Equation (26) should be odd, which means 

k2 = 0 

Integrating Equation (22) twice and taking the limiting value when 
the draft tends to zero, we obtain the kernel 

K2 L(x) = Y (KX) (27) 
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Therefore, we have the integral equation 

I 

- T dA(x') Y0 {K(x-x
,)} dx1 ■ M + r kx^     (28) 

J       dx' 
-J 

This is another integral equation of the form (9) and can be solved 
as before.  The unknown constant k should be determined by the side 
condition (23), but there is another unknown ki.  Then k is a func- 
tion of an arbitrary constant kj_. Now, let us consider the wave 
resistance at its minimum.  If the optiaum condition is fulfilled, 
the relation {2k)  or 

f  SÄlill Ktx-x^lx' = - kx (29) 
J   dx' 

-i 

exists.     Substituting in Equation  (21)  and integrating by parts,   we 
obtain 

R    =    i pU2
K
2 kV- (50) 

We can choose the arbitrary constant k-, so as to make k be zero. 
Then the wave resistance vanishes in the order of the approximation, 
i.e., it becomes as small as the higher order in the slender ship 
approximation. 

The solution can be expressed in a dimensionless form like 

A(x) = S-8(|) (31) 
2i 

The optimum curve of sectional area obtained in this way is shown in 
Figure 3^  In comparison with Figure 1, there is seen a remarkable 
difference near the ends.  The form of the strut-like ship shows an 
infinite density of dipole at the ends while the slender ships shows 
a continuous curve meeting the base line. The concentration of the 
dipole at the ends will give some dog-bon^ shaped water lines; 
especially at high Froude numbers, but this is not the case for 
slender ships.  The coefficient of fineness, the water plane coeffic- 
ient for the strut-like ships and the prismatic coefficients for 
slender ships, is the reciprocal of the Ordinate at the midship 
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sectlon at x = 0. Figure k  gives the optimum coefficient of fineness 
versus the Froude number for both strut-like ships and slender ships. 

Resistance Measurement of Optimum Models 

The theories given so  far are devoted to a strut-like ship 
of infinite draft and also to a slender ship of small breadth and 

draft.  They are approximations.  It is necessary to verify the results 

by means of experiments.  It is impossible to test ship models with 

infinite draft. At a speed which is not very high, however, the 

effect of the lower part of the ship model on the wave resistance is 

comparatively small. Accordingly, the optimum shape determined by 

the theory for the strut may be compared with measurements for a model 

whose draft is made as deep as possible. For the result of the theory 

of the slender ship, the beam draft ratio can be chosen to be an 

ordinary value. There is a difference between the waterline shape 

of the optimum strut and the sectional area of the slender ship for the 

optimum condition at the same Froude number. If we compare the curves 

at the same coefficient of fineness but to be optimum at different 

Froude numbers, the difference between them is small if the nose is 

rounded up as shown in Figure 2 for the case of infinite draft. Accord- 

ingly we do not need two sets of models but a set of models in accord 

with either the curves in Figure 2 or those in Figure 5«  Figure 2 

depicts the models chosen for the experiments. 

Two series of experiments have been carried out, one of 

which concerns the deep draft case and the other the lesser draft 

case. There are restrictions as to the size and shape of the model 

imposed by the facility at the experimental tank.  The length of the 

model should be long enough to secure a turbulent boundary layer, 

but it is restricted by the dimension of the tank to avoid side-wall 

effects on the wave resistance as well as a blockage effect. As the 

models are made of paraffin wax, there is a practical restriction 

upon the depth of the model imposed by the size of the model cutter. 

Under these circumstances the length of the models is determined to 

be 2 meters and the depth to be 0.35 meters. The breadth or the 

maximum beam is chosen so as to make 

Aw/(2i)
2 = 0.08 

The shape of water planes are those shown in Figure 2. 
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The prismatic coefficients of the models tested are 0.557> 

0.60^ and O.683, and their optimum Froude numbers are 0.28s, 0.320 

and 0.35^ respectively when the draft is Infinite. We call these 

models A, B and C. The maximum beams of the models are 0.2S8, O.265 

and 0.25^ meters respectively. The draft for the heavy condition is 

chosen as 0.25 meters so as to secure sufficient freeboard and lateral 

stability, so that the length draft ratio is 8. The shapes of the 

frame lines are deduced from the simple equation 

y = b [1 - (z/T)10] (52) 

Accordinglv, the area coefficient is uniform throughout the cross 

section and is 0.909« The displacement volume is 0.0727 cntic meters 

for each model.  The draft in the light condition which corresponds 

to the slender ship is half the deep draft, being 0.125 meters and 

the displacement volume is 0.0327 cubic meters. As the area coeffic- 

ient is uniform, the prismatic coefficients are the same as the water 

plane coefficients. Pins are placed at square station No. 9 l/2 for 

turbulence stimulation ana the total resistance is measured by the 

usual way. 

Discussion of the Results 

The skin friction coefficient, detemined by the ITTC 1957 

Model-Ship Correlation line, is subtracted from the measured total 

resistance expressed as a dinensionless coefficient to obtain the 

residuary resistance coefficients which are shown in Figure 5 for 

the deep draft versus model speed and Froude number.  The Froude 

numbers at which each model shows the minimum wave resistance accord- 

ing to the theory are indicated by vertical lines. They must be the 

point of conta, t of the curves with their envelope.  In the case of 

models B and C, the agreement betweer the theoretically predicted 

optima and the measured results is fairly good, but in the case of 

model A, a slight shift to the lower speed is noticod. 

The reason for this shift may be explained in the following 

manner. The length beam ratio Df model A is 6.72 and it is difficult 

to regard it as a thin ship. An effect, then, due to nonlinearity is 

inevitable. According to the calculation of the streamline of the 

two-dimensional flow with a dipole distribution in a unifonn stream, 

the dipole strength must be augmented at the middle portion while it 

must be reduced near the ends, in order to obtain a given water line 
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or streamline form exactly. It is quite possible that the modified 

dipole distribution presents itself as optimum at a Froude number 

lower than that predicted by the thin ship theory. 

There is a curve of minimum wave resistance shown in 

Figure 5. As it is determined for infinite draft, agreement with 

the measurement cannot be expected. The reason that the measured 

values are higher than the theoretical line seems to be the fact 

that the residuary resistance still involves an appreciable amount 

of the viscous resistance. It is difficult to determine the exact 

amount of the viscous resistance or, being the same thing, the wave 

resistince.  If we tentatively adopt Hughes' method of form factor 

for the viscous resistance, the wave-resistance coefficient falls 

under the theoretically given minimum line, especially at high Froude 

numbers.  This is obviously due to the effect of finite draft. 

Next, the draft of the models was halved and the resistance 

is measured. Figure 6 gives the residuary resistance coefficient 

results. The optimum Froude numbers predicted by the slender ship 

theory are indicated by vertical lines. Agreement is good throughout 

the three models. Further improvement will be obtained by subtracting 

a viscous component from the residuary resistance of model C» 
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INTRODUCTION 

There are two ways of looking at the merits of a bulb on a ship. 

One is its effect on the interactions between the waves themselves and 

the other is its effect on the ship resistance itself as represented by 

these waves. Recently Inui, Takahei, and Kumano (i960) studied the bulb- 

ous bow ship from the former point of view by considering the bulb as a 

point doublet. They paid special attention to the l80o phase-difference 

between the bulb wave and the ship bow wave, and tried to make both 

amplitude functions the same in order to cancel out the wave. Wigley 

(1956) mentioned this wave phenomenon, bat attacked the problem via the 

wave resistance approach. He derived six rules for the design of a bulb 

for a ship bow. 

This later approach, involving the determination of the wave 

resistance directly, has been the conventional one used by most investi- 

gators. However, this generally leads to many cumbersome mathematical 

calculations. On the other hand, the method dealing with the interaction 

between the waves themselves can be simple and leads to a better physical 

insight. Using this approach, Takahei (i960) studied the "waveless bow" 

further and Kumano (i960) investigated the "waveless stern." They tried 

to match up the amplitude function of a doublet, which is a function of 

the doublet strength and the Froude number, as closely as possible with 

the amplitude function of a ship. However, it was not very clear how 

close the doublet distribution could be matched.  It will be shown in 

this report that a doublet distribution whose amplitude function is 

exactly the same as that of the ship can be found but that it extends 

along a line from the free surface to infinite depth. With such a doublet 

distribution at the bow and stern the waves from the bow and stern of the 

given symmetric ship may be completely canceled and the ideal fluid wave 

resistance of the ship becomes zero. The semi infinite nature of the 

extension of the doublet distribution need not be a serious restriction 

since it will be shown that the effect of discarding that part of the 

doublet distribution extending from some finite depth to infinity can be 

made very small. 

Further it is shown that a quadrupole distribution at the bow 

and the stern in addition to the doublet distribution offers practical 

eui vantages. 
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WAVES DUE TO A SHIP AMD A BULB 

As in the usual analysis, an inviscid, incompresible, and homo- 

geneous fluid in steady flow with a free surface and of infinite depth 

is considered. The coordinate system O-xyz is right handed with origin 

on the mean free surface, x positive in the direction of the uniform 

flow velocity V , and z positive in the upward direction.  In this 

report, except in the sections on two-dimensional streamlines the quan- 

tities x , y and other lengths except  z are non-dimensionalized with 

respect to the ship length L ; z is non-dimensionalized with respect 

to the draft H , and m is non-dimensionalized with respect to V and 

LH . All equations are expressed in non-dimensional form. All wave 

height components are assumed to be small and additive. 

It is well known that a point source of strength m located 

at a point  (x-|_,0,-Z]_) , where z^ > 0 , produces a wave height non- 

c'imensionalized with respect to L at large x given by (see Havelock, 

1951), 

n/2 

^s = 8k0 / m exp(-k0z,sec 9) sec*9 cos [k-, (x-x1)sec9] 

o 

.2 X cos (k-^ sin 9 sec^9) d9 (l) 

where 

^ = ^f and k0 = ^| . 

Hence, for a line distribution of sources at y = 0 , 

z = -z-p 0 < xi 5 1 represented by the series, 

n (Xi) = y  an x^ (2) 

n=0 

the wave height will be 
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with 

where 

5S = Skj   / / ra(x1) exp(-k0z1sec29)  sec^Q cos /k, (x-x1)sec9}. 
o        o 

.2: X cos   (k^y sin 9 sec29)  dx-j^ d9 

8k0   r
n/2 Q 

=      /    exp(-k0z1sec 9)   [  sin (k^ x sec •J^lCO) 
kl^    o 

-  cosCk-L x sec 9)S2(0)   - sin {k^x-l)  sec 9 }  S-^l) 

+ cos /^(x-1)  sec 9 |  S2(l)   ]  cos  (kjy sin 9 sec29)  d9 

(5) 

mm 

yt  nv
n  (2n),   . 

(-1) m      (a) m 
f.        ^2(n-l) {*} 

*—'     (k1sec9) 
n=0        ± 

(k-!sec9) 
n=0 

If we put 

^s  =   ^sB *  ^ss 

where 

8k0      rn/2 
^sB = 77    /        exp(-k0z1sec29)[sin(k1 x sec 9)S1(0) 

ki:,   Jo 

-  cosCk^ x sec 9)82(0)]  cosC^y sin 9 sec 9)  d9,       (6) 
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8k0     rn/2 
Css = —    /     exp(-k0z1sec2e)[-sin {k1(x-l)sec 9} S1(l) 

+ cos {k^^Cx-l) sec eJSgClJcos  (^y sin 6 sec2©) do,    (?) 

then    ^sB    can be interpreted as the wave from the bow and    ^sg    as the 
wave from the stern according to the idea of the elementary wave (see 
Havelock,  195^a).    We can see that both    ^sB    an^    Sss    are* in 8eneral 
composed of sine and. cosine elementary waves.    Henceforth we will omit 
the word  "elementary" except to avoid ambiguities.    In the integrand of 
{;sB    and    58S  ,   the coefficient of    JjJjJ (k^ x sec ©)  cos  (k^y sin Q sec2©) 
is called an amplitude function. 

For a ship of a finite draft,     (^    has only to be integrated 
from z^ » 0 to z^ a 1  .    In this case    S^(a) may be a function of    Zi   . 

We now consider a doublet of strength    »JI   nondlmensionalized 
with respect to    V    and    DJ2   located at    x«0,  y = 0,  za-z^.    The non- 
dimensional wave height due to this doublet,  at large    x ,   is  (see Wigley, 
1936) 

2  r*/2 2      h 5g = -8k0      /    \i   exp(-k0z1sec ©) sec © 8in(k^ x sec ©) 
o 

X    cos  (kj^ sin © sec2©) d© (8) 

where    £g    is nondlmensionalized with respect to    L.    Note that the sine 
waves originating from the origin have a negative sign in this case. 

CONDITION OF NO WAVE RESISTANCE 

We have seen from the previous section that the wave height due 
to a submerged body or a surface ship may be represented at large    x   by 

rn/2 
5 =  / [A1(©)  sin (kj^ x sec ©) + Ap(©) cos  (k^ x sec ©) ] 

X cos  (^y sin © sec    ©)  d© (9) 
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Havelock (1954b) shoved that the nondimensionalized wave resistance repre- 
sented by this wave system is 

r (">• 2/a\ i ÄÄÄ3/: 
R = 32   J |A1 (9)  + A2 te) C08 0 de (105 

R0 
where    R    is related to the wave resistance   Rft   by   R ■ 

fpLV 
The integrand of this wave resistance integral is always posi- 

tive. Hence, if there exists a ship whose wave resistance is zero, the 
necessary and sufficient condition for the no wave drag ship is 

AiCö) = A^e' = 0 , 111) 

(i.e. no wave Itself). Of course the trivial solution for this is the 
case of no singularity or of an infinitely thin frictlonless flat plate 
parallel to the uniform stream, i.e. ix « 0 and m » 0 . However, there 
may be a non-trivial solution which makes A^O) = AgC©) = 0 with the 
proper selection of the singularity distribution. Krein (1955) proved 
that there does not exist any finite ship whose Michell's resistance (the 
wave resistance represented by Michell's integral) becomes zero, but he 
cited a few examples of infinite convoys whose wave resistance is zero. 
In the next section we will find wavclese solutions involving the appro- 
priate combination of a doublet distribution with a source distribution. 
The basis for these is that while a positive sine wave usually starts from 
the bow of a ship without a bulb, a negative sine wave starts from a 
surface point directly above a bulb representable by a point doublet. 
This has been checked experimentally as well as theoretically by many 
investigators. 

COMBINATION OF DOUBUTT AND SOURCE DISTRIBUTION 

The problem is therefore, how to find a doublet distribution for 
a given or otherwise determined proper source distribution in order to make 
the total wave amplitude function zero; i.e. find the doublet distribution 
M(
X
1I
Z
I) 

on the longitudinal center plane such that for a given source 
distribution m(x^,Z]J on the same plane 

k0 / / m(x1,z1) exp(-k0Zjsec ©)sec'ö cos [k1(x-x1)sec Ö] dxjdz^ 
-00        -00 

(12) 

"ko /   / ^Cxlzl)    exp(-koZisec29)sec ©sin [ki(x-x1)secO] dx^Z! sO 
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Let us consider the simplest case first; vis., a uniform source 

distribution on the line 0 < x-p y1 = 0, 21 » f . To a first approxima- 

tion this represents a serai-infinite paraboloid and is equivalent to the 

case of n - 0    in Equation (2), Then the contribution to the vave from 
the bow is from Equation (6) 

8k0  P«/2 
Sgjj ■ -r- /  aQ exp(-k0f18ec ©)sec 9 sin (k^x sec ©) 

X cos (^y sin 9 sec 9) d9 (Ij) 

Now this can be matched by a uniform doublet distribution b  on a 

verticeil line x = 0, y = 0, f < z^ < « . Then the corresponding wave 

height will be, by em integration of (8) with respect to z^ from f 
to oe , 

rfl/2 2     2 
£JJ = - 8k0   /      b0    exp(-k0f1sec ö)sec 9 sin (k^ x sec 9) 

o 

X cos (k-j^y sin 9 se929) d9 (lU) 

From Equations (15) and {lh) we now see that 

if 

bo =   k^    ' 

Thus according to this result the waves from the point on the 

surface above the nose of a submerged serai-infinite paraboloid will be 

completely cancelled by a vertical circular cylinder extending from the 

nose of the paraboloid to infinite depth. This is the fundamental idea 

of how the wave amplitude function can be made equal to zero. 

Let us now consider a little more general case of Equation (6); 

e.g., an axially -ymmetric body. However, the source distribution of 

Equation (2), which is an ordinary power series, is not the proper one to 

use for the doublet distribution because this will produce cosine terms, 

accordinß to Equations (o) and (7) as well as sine terms, while our 

expression for the waves due to the doublet distribution at 
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x = 0 gives only sine terms. Since there is no easy way to make the 
amplitude function of the cosine terms A2(9) of Equations (9) and (lO) 
equal to zero by combination with a doublet distribution, one thing to 
do is to employ source distributions which do not give cosine terms. The 
other idea is to consider a different singularity distribution which pro- 
duces cosine waves as well as sine waves to cancel ship waves. This will 
be discussed later. 

With reference to Equations (2), (8), (5), and (6), we note 
that m(o)(0) = a0 m^Co) = 2:a2 m(2n5(o) = (2n) ia^ and 

m(1)(0) = a! m(2n + ^(O) = (2n + 1)1 •' a2n + l (15) 

i.e., S-](0) is related to only the even powers of the series (2) while 
82(0)  is related to only the odd powers of the series. The amplitude 
function of the sine terms in Equation (6) is 

8k o 
o   exp(-k0z sec

2e) S^O) , 

and that of the cosine terms, 

8k0 
r-i  exp(-k0z sec

2©) S2(o) . 

We now see that a source distribution given by an even power 
series does not produce cosine terms. According to Weierstrass' approxi- 
metion theorem, any continuous curve can be approximated by a polynomial 
in the domain 0 < x < 1 . If we consider another curve in -1 < x < 0 , 
symmetric with respect to the first about x = 0 the polynomial which 
represents the whole curve in -1 < x < 1 must be an even power series. 
Hence we may say any curve in 0 < x < ^ can ^e approxi^ted by a poly- 
nomial of even powers in the domain. Equation (2) may therefore be 
written 

m K) "  X  % Xl 
2n 

(16) 

n=0 

If we assume that our ship is symmetric about its midsection at 
then m(x-L)  is odd with respect to this point or 

x = 0.5 
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i 
i 

m(0)  = -m(l), m'Co) = + m'Cl) 

(n)/«\      / "i\n+1    (n)/-i \  nr  '(O) » (-1)        nr  '(I) 

Since from Equation  (16)    m'2n+1^(0)  = 0  ,   from Equation  (if) 
JßMJQi  u 0   i     Hence  from Equation  (|j    S2(0)   = S2(]J   = 0   . 

(17) 

Similarly from Equations (17) and (h)  we can easily see 

BjCO) = - S1(l) 

Then from Equations (6) and (17), we see that the amplitude functions of 
SsB and ^gg are exactly the same and both are sine waves. 

When the body is not symmetric fore and aft with respect to the 

midsection, the wave from the stern can be treated separately in a similar 

manner by changing coordinates. If we take the origin at the stern, and 

express the source distribution for the body by an even power series, the 

wave system from the stern can be analyzed in exactly the same way as for 

the bow. 

Therefore the solution to the zero wave drag problem for 5SS 
can be treated exactly in the same manner as that for t^jj . 

We now consider only ^sB of Equation (6) corresponding to the 

source distribution of Equation (l6) along z^ = f^, y = 0, 

t/2 

tsB-^T* f  exp(-Misery 
(-l)n(2n);a 

X cos (k^y sin Ö sec^Q)  d9 

22_  sin (lb x sec ©) 

(18) 

The terms for large n's become very small for the usual range of 

Froude numbers, and in practice we have only to consider just a few terms 

of the series given by Equation (l6) (see appendix). In order to find the 

•^responding doublet distribution which cancels the wave height  5sg , 

let u(z^)  the doublet strength per unit length be expressed as 

00 00 

(19) 

n=0 n=0 



mmmmmmm 
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on the line    x = y=0>f<zi<oo.    Thus for    ^ < ti < f^ j 

W = " 8ko2/   /        5    bnf 
sechQ exp[-k0(Ti+f)sec29 

o      o 
n=0 

X sin (kj^ x sec 0)  cos  (k-^y sin 9 sec 9)  drj d9 

n/2 * 

■ - S /     )     —,     [exp(-krtf sec29)-    exp(-knf sec29) 
J     L,   w  n-l^ört2(n-l)a 

n=0 
k0""

ist:
cl^n-1)9 

oo  m  2m/ im 
k0sec QC^-^) 

X )  ■  ] sinCk-^x sec 9)cos(k1y sin 9 sec 9)d9 
r Kosec 9V] 

L mi 
n=0 

(20a) 

The value of the second term for f^ -*» vanishes (see Appendix). Thus, 
for fn 

«/2 

p                        2  V1    n:bn 
L = -8 / exp(-k0f sec 9) )  ; 7—-r— sin (k, x sec 9) 

0 ^ k0  sec^  
y9 

n=0 
o 

X cos (^y sin 9 sec 9( d9 

If we compare Equations (l8) and (20b) we obtain 

(2Cb) 

b _ M^Xaaii J£ bn -  ^-1^       n! n a« 2n+l    ö2n (21) 

as the condition that the regular waves given by Equation (l8) be exactly 
cancelled out by those given by Equation (20b). The doublet distributions 
(19) located at x = 0 and extending from z^ = f to z^ a « generate 
a wave system which for an ideal fluid cancels completely the bow wave 
system due to any given source distribution (Equation (l6)).  In a similar 
manner as mentioned before, the stern wave system can be completely eli- 
minated. 

For the surface ship, we have only to consider, m(x1) of Equa- 
tion (l6) as the source strength per unit area on the center plane y » 0, 
for 0 < z1 < 1 , 0 < x < 1 . If we integrate both (l8) and (20) with 
respect to f from f = 0 to f = 1 , we obtain the corresponding 
amplitude functions 



A(9) 

and 

8k       fl 
= —        exp(-k0f sec29)   1 
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r   (-1)   (2n):a 2n 

^   (k.sec 9)2(n-l) 
df , 

n=0 

(22a) 

B(©) 
-/' 

0      r-              njb 
exp(-krtf sec^Q)    )       —, — 

n=0      0 

df (22b) 

If Equation  (21) holds for all depths    f    we then get 

A(e)   - B(ö) = 0  . 

Thus for any vertical distribution of sources, Equations (19) and (21) 

will give the required bow and stern bulb shape to completely cancel the 

ship waves. 

It should be emphasized that the bn in Equation (22) is no 

longer exactly the same as that obtained in the expansion of the doublet 
^(z-j^) in Equation (19). From Equations (22), (19) and (20) the doublet 
strength per unit depth is now 

•1 00 

nd^. /   y b^z! - if di 
n=0 

in the domain 0 < z^ < 1 , and (25a) 

so 

u(zl) =/ A bn(zl " ^n d^ for zl > 1- 
0 n=0 

For the case in which the source strength does not vary with depth 

b = const 
n 

and 

dn(z1)    £ 

n=0 
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or « 
n+1 

(z,) = ) JLi  for 0 < z-, < 1 
-L   Z_i  n+1       - x _ 

n=0 

and (23b) 

oc 

Jidx) -V ^r [zi
n+1-(z1-l)

n+1] for ij > 1 

n=0 

Equations (23b) show that the slope of the doublet distribution along the 
x = 0 , y = 0 has a discontinuity at z, = 1 . Especially if we consider 
the one term n = 0 (which iS an important term for the practical range 
of Froude numbers (see Appendix)) the bulb shape may be similar to a 
round pointed pencil. 

In summary, we have shown how A-, (ö) and AgCs) of Equation (9) 
can be made identically zero. Thus a means of satisfying the necessary 
and sufficient condition for a zero wave drag ship in an  ideal fluid has 
been obtained. Unfortunately this requires the use of bulbs of infinite 
draft.  In a later section we will consider the effect of cutting off the 
doublet distribution (or bulb) at some finite depth. 

QUADRUPOLE DISTRIBUTIONS 

We have represented the ship shape in the preceding by an infinite 
even power series (l6). However, the series may not converge too rapidly, 
and for the higher Froude numbers, which we may wish to consider, the higher 
order terms in the series (l6), cau not be neglected. Suppose we have an 
arbitrarily specified polynomial of finite terms which represents the 
source distribution on the center plane (see Weinblum, 1950). Then we 
have to consider the odd power terms in Equation (2) and thus the cosine 
wave system occurs as well as the sine wave system in Equation (6) and (7)» 
starting at the bow and the stern. We therefore have to consider some 
means of cancelling cosine waves. 

A point doullet is a one step higher order singularity than a 
point source; the wave or the flow field due to a doublet is therefore 
represented by a derivative of that due to a source with respect to the 
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position of the source (same as the position of the doublet) in the direc- 

tion of the doublet (see Milne-Thomson). It is well known that a submerged 

point source produces positive cosine waves (see Equation (l)). Therefore, 

the negative sine wave can be produced by a negative doublet which pro- 

duces a closed body in the uniform stream. 

Now we consider a one step higher order singularity than a 

doublet which is called a quadrupole. That is, we consider two doublets 

of opposite signs, with the magnitude of each strength ^ , and the dis- 

tance between them, a , nondimensionalized with respect to H . Along the 

same idea of forming a doublet by a source and a sink (see Milne-Thomson 

1955), we form a quadrupole by making 

lim an = finite constant, say, 

a -4 0 
(2M 

which is the strength of the quadrupole. Its waves will be the deriva- 

tive of the wave height due to a point doublet with respect to the posi- 

tion of the doublet in the direction of the quadrupole, namely cosine 

waves. The sign of the waves will depend on the sign (direction) of the 

quadrupole. That is, a point quadrupole with the strength XQ at 

y = 0 z = 'Z-,     in the uniform flow V generates the wave height 

,«/2 

5« = -8k0 I     X exp(-k z^sec 9)sec 9 cos(k1x sec 9) 

X cos (^y sin 9 sec^) d9 

where    X = X0/(H
5L V) 

(25) 

There are two great features of the quadrupole which will be 

mentioned in the following sections. One is the same feature which the 

doublet distribution had with respect to the even power terms of the 

ship source distribution, but in this case with respect to the odd terms. 

The other is the composition of a point singularity which produces no 

wave - say, a no-wave-singularity. 



COMBINATION OF QUADRUPOLE AND SOURCE DISTRIBUTIONS 

We have mentiored that the odd power terms of the ship source 
distribution  (2) produce cosine waves and that the quadrupole also pro- 
duces cosine waves.    Otherwise, both amplitude functions have similar 
qualities to those of the even power terms of Expression (2) and for the 
doublet.    Namely,  if we consider the odd power terms of Expression  (2)  say 

■ = a2n+lxl »     in    0 Sxl< 1> (26) 
■ 0 5 zi < f ^ 

then the wave due to this source distribution starting from the bow 
x = 0 is from Equation (6) 

rff/2 
5 = -8j a2n+1[l-exp(-k0sec

2e)](-l)n (2n+l): X 

o 

_ ,   -2(n+l)       2n+l ^        ,. «N /, .    «        2^Jrt X lu cos 9 cosCk^x sec Ö)  cosC^y sin 9 sec 9)d9 

(27) 

In exactly similar manner as in matching the doublet distribution to the 
even power terms of the ship source distribution in order to cancel the 
bow waves, the corresponding quadrupole distribution may be put as in 
Equation (25b) 

z n+2 
X = b^, -i  in 0 < z, < 1       (28) n-H n+2 _ 1 _ 

r n+2  /  ,\n+2, 
[zi   - (zi-1)  1 ,  x 

X = bn+1 -J *    in 1 < z, < «      (29) 
n+2 

then from Equation (25), the wave due to this quadrupole becomes 

«/2 

Cq = -8^ ybn+1 l-exp(-k0sec
29)  (n+l): ko""1 X 

o 

X cos n    9 cos(k1x sec9)  cos(k1y sin9 sec29)d9 (50) 

-1045- 
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Hence, If we make 

(-D^V*1^1)1 t   s bn+l S5 (51) 
(n+1) I^211*5 

the wave due to the odd power term of the source distribution -ill be 

completely cancelled. The above argument holds for any integer n . 

The stern waves due to the terms of odd power in the source distribu- 

tion can be dealt with exactly in the same manner as those of the bow. 

In general, the bow waves have stronger sine components than 

cosine components, the former depending mostly on the entrance angle of 

the ship bow. Therefore, the doublet distribution is more important than 

that of the quadrupole. In fact, this is the reason, which will be shown 

later, that the combination in practice of optimum distributions of doub- 

lets and quadrupoles can produce a closed body, although the quadrupole 

itself can not. 

NO-WAVE-SINGUIARITY 

By Krein's proof (1955) we know that there exists no singular- 

ity distribution which produces a finite closed body and yet produces no 

wave. However, it would be very useful if we knew of some singularity 

which by itself may not produce a closed body produced by another singu- 

larity distribution when both are combined together, and which in com- 

bining produces no additional wave resistance. Krein (1955) first found 

such a special function h(x,z) which consists of an arbitrary nice 

function 0(x,z) of x,z, 

with boundary conditions 

0.|U o (JU) 

on the boundary of the domain of the singularity distribution on the 
center plane of a ship. He proved that the Michell's wave resistance 

due to a ship surface f(x,z)  is exactly the same as that due to a 
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ship surface f(x,z) -f h(x,z). That is, there are infinitely many ship 
body forms which have the same resistance and volume. 

Here we will see that if we use a point quadrupole in the x 
direction and a point doublet in the z direction at the same point, the 
combined singularity will not produce any wave in far downstream. The 
wave height due to a doublet in the z direction at the point (0,0^) 
is 

«/2 

2  T 2 v   5 
t^ = 8k  / n exp(-k z, sec o)sec?0 cos(k,x sec 0) X 

o 

X cos (^y sin 9 sec29) d9 (55) 

Hence if we compare Equation (25) with Equation (55) it will be easily 
seen that 

Cd * Cq = o (56) 

for 

k0X = || (57) 

Since this is a point singularity and it does not produce any wave, it 
can be distributed in em arbitrary manner anywhere on top of the ship 
singularity distribution without changing the original ship wave resist- 
ance. 

In fact, it can be shown that if this no-wave-singularity is distributed 
continuously, this will be in effect the same as Krein's form. Besides, 
by differentiating both wave heights ^ and CQ ty the same parameter 
we may be able to construct innumerable higher order no-wave-singularities. 
Therefore in this report we will call the aforesaid no-wave-singularity 
as that of the first order. 

BODY STREAMLINE SHAPE DUE TO COMBINATION OF 
SINGUIARITIES IN THE UNIFORM FLOW 

Now to utilize the quadrupole in practice we have to investigate 
the way in which it produces bodies when combined with other singularities 
in the uniform stream. 
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To be more general, we may further have to consider the discon- 

tinuity (shoulder) in the tangent of the waterlines. Then not only the 

negative doublet but also the positive doublet at the slope discontinuity 

may be needed to cancel the negative sine waves. 

In the following subsections we will consider body shapes which 

may be produced by combinations of various singularities which may be 

utilized in improving ship shapes in order to decreare their wave resist- 

ance . 

The streamlines produced by the three dimensional singularities 

in the uniform flow may be obtained by solving the streamline equations 

dx  dy  dz 
u = v = w 

where 

u = + V ..a 5 w = 
hz 

(38) 

(39) 

represented by distributions of singularities. This could be solved by 

Runge-Kutta-Gills (Gill, 1951) numerica] method. However, the exact form 

of $    due to the singularity under the free surface even under the assump- 
tion of the linear boundary conditions is so complicated, that it becomes 

practically very advantageous to relate the exact shape of the ship to 

the source distribution, on the assumption of zero Froude number. For 

example, Inui (1957) used this approximation (double model); he verified 

the sufficient validity of his methoi for moderate Froude numbers by 

comparing theory and his experiments. This method could be used here to 

find the relation between singularity distributions and ship shapes, as in 

the case of ships with no-wave singularities and with bulbs made of doub- 

lets and quadrupoles. However, considerable insight is gained with much 

greater simplicity by considering only special simple cases, as the two- 

dimensional case for instance.  Herein we discuss the problem using dimen- 

sional quantities unless specified. 

Two-Dimensional Doublet and Quadrupole 

The complex potential due to a doublet with the strength - u < 0 

and a quadurpole with its strength \ > 0 , with both directions parallel 

to the x axis, in a uniform flow is 

w = 0 -f If Vz Ü + * (^0) 



-1049- 

where 
z = x •♦• iy 

Hence  the stream i'unction is 

^ = - vy + LJY   - 2yy - 
x2+y2       (x2+y2)2 

^ [V   (xW)   -  U* -P^  ] 
x^y2 *r* ? (W) 

If we use polar coordinates 

x = r cos 9,  y = r sin 9 

we can easily see that the dividing streamline is 

and 

y = 0 

r2 = Ü - 2 - cos Q 
" V '  V  r 

This means that the body is deformed from the sphere 

r2 -ij 
V 

(^2) 

CO) 

2X extending (or shrinking)    r    by an approximate amount of    -rr cos 9    in 

each direction.    In order to have a closed body such that all streamlines 
inside the surface stream] ine are wholly conteined, the magnitude of    X 
should not be too large.    To obtain the limiting value of    X, , we have 
only to consider the point    9=0.    We put 

f(r) = r3 . r ^ + ^ 

and notice f (r) = 2 ^ > 0 when both 7 = 0 and y  = V^ . And 

f'Cr) = 0 at r -^E 

W 

Hence if 

f^'-^ 'l'+^0 
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or 3 

there exist two roots of    f(r)   = 0    in   0< r <   V^    .    That is, when    X 
becomes large from    X = 0    within the limit of the inequality (U5), 
Equation  (kk) represents two separate closed streamlines such that one   , 
is inside the other (see Figure 5a).    If    X   becomes larger than    {^—) '     , 

the  inner streamlines which were inside the inner closed streamline when 

n < («fe) t P0? out and there will be only one closed streamline  (bee 

Figure 5b).    Therefore    X    should satisfy the inequality (45)  in order 
that a meaningful body exist.     Figures 6 and 7 show examples of the divid- 
ing streamlines.    When    X    is negative the body form will be reversed along 
the    x    axis,  and the condition on the magnitude of    X    and    |i    is exactly 
the same as in the previous case. 

A Simple Source and a Doublet in a Uniform Stream 

Consider a point doublet with the strength    n > 0    at    z = x + iy 
= 0    combined with a point source with its strength    m>o   at    z = z0  .    Then 
the complex potential    W    will be written 

w = Vz - m log (z-z0) + | (46) 

The stream function is 

By 

where 

^ = - Vy - m tan"1 ^° - -tfU (kj) 

x = r cos 9,    y = sin 9 

♦ = - Vr sin 9 - n*^  - U S^n 9 (48) 

y-yo 
91 = arc tan C ^r^" ) 

Hence the body streamline is obtained by putting    \|f = -mn  .    Nondimension- 
alizing Equation (48) by   Vh f nw 

r2 sin 9 + r (91/n-l)  + ü sin 9=0 
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The streamline due to a source in the uniform flow is well known (see 

e.g. Milne-Thomson, 1955 p. 199). The combination of source and a 

positive doublet produces a neck. The strength of the doublet should 

satisfy 

^-Vh2 < 4 
(50) 

in order for the body streamline to make physical sense. The dividing 

streamline is plotted in Figure 8 as an example, for a special value of 

M • 

A SIMPLE SOURCE AND A NO-WAVE-SINGULARITY OF 

THE FIRST ORDER IN A UNIFORM STREAM 

We consider the no-wave-singularity, a quadrupole in the x 

direction with strength  X and a point doublet in the z direction 

with the strength (i , both located at the origin, and a point source 

at  z0 in two dimensions. The complex potential due to these singular- 

ities is 

w = 0Wiiif = -Vz+l^ + -p-m log (z-z0) 

Hence the stream function  is 

^ = - Vy + JSL 
2     2 

2xxy 

(x2- 2N2 
- m tan -i y-^o 

■y*) 
x-x. 

(51) 

(52) 

Since the no-wave-singularity does not produce any extra fluid, 
\|r = - nut    which is the divid     ; streamline  for the half body due to a 
simple source  in the  uniform stream will still be the dividing stream- 
line  in this case. 

If we nondimensionalize ^ by hV where h = — is the rad- 
ius of the half body due to a point source, the dividing streamline can 
be written as 

.>..,.'* 

tf+y2)' 
[  x- 

-       ^      P T    2 
( y -- )   - &    ]    (55) 

|i 

where 

2,    7 y = y/h, x = x/h,  » -n/(Vh^),   X = x/(VhO, e^tan 
•ly-yr 
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Although it is very hard to see the exact shape of the dividing stream- 
line without plotting x and y of Equation (53) it may be easy to see 
Just how the original half body streamline is distorted by the no wave 
singularity. The last term in Equation (55) is positive inside the circle 
K -f center at (0, 4-) J  radius, i| and x < 0 , and outside the circle 

K and T: > 0 ; and negative inside the circle K and x > 0 , and outside 
K and x < 0 . When x +y » 1 the distortion of the original dividing 
streamline is small. The distorted streamline will be of the shape shown 
in Figure 9« The no-wave-singularity has from Equation (37) the pro- 
perty of 

•=- - gh - kh   h 

For    L<6h    and    F*X).3i   X/u > 0.5   .    Hence,  for the moderate    F.   ,  the 
circle    K    may cut the upper dividing streamline but not the lower one 
and there are two wiggles  in the upper dividing streamline and only one 
wiggle at lower one as in Figure 9- 

FINITE DOUBLET DISTRIBUTION 

Submerged Axisymmetric Body with Fore and Aft Symmetry 

In order to determine the effect of limiting the doublet dis- 
tribution to a finite depth we examing the difference between the expres- 
sions for     5BF    as given by Equation (20a) with that for    t^    of Equation 

(20b)-   */2 co n      -        2mQ(f1-f)m 

p ^ bnn: Ä   k0 sec    9V *    ' 
^R  = 8 y exp(.k0f1sec29) ) ^    "g^      )      m; 

_ kn  sec     9 '—i 
0 n=0 0 m=0 

X sin(k1x sec 0)cos (k^y sin 9 sec
29) d9 (5^) 

This is the uncancelled wave system resulting from cutting off the doublet 
distribution at depth f, .  Thus instead of each term of the series in 

^R * ^SB t)ein8 zero there will be a remainder, 

jt/2 n  m   2m .  ^Nm 
h 2       b n!      \~ 

ko sec 9(frf) 
t_  = / exp(-k-f1sec 9)  = ^77—r-r— /  TO  J  FV o 1     , n-1  2(n-l)  /_      m: 

k0 sec     9 
m=0 

2 
X sin(k1x sec 9)cos(k1y sin 9 sec Q)  de (5^) 
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The magnitude of    (;Rn    can be easily estimated as 

n       V^  Ko  ^i 
CRn   < 8 expC-Vl) i^x 2, —sn 

m=0 

e.g.       |^o|    < 8   expC-kofx) 

CR11    < 8    9xp{~k0t1 bj {1 ♦ k0(fl-f)} etc- 

(Jfcc) 

For the usual  range of Froude numbers,     C      is the dominant 
term (see Appendix).    This decreases exponentially with increasing    k0f^  . 
Although for increasing    n ,     k,      decreases more slowly with increasing 
k0f±  ,   its magnitude becomes increasingly smaller than    ^p0  .    Therefore, 
even if the wave amplitude is not completely cancelled out the doublet 
distribution still has a substantially favorable effect on each term. 

Ship with Fore and Aft Symmetry 

For a finite draft ship whose source distribution is independent 
of    z  , Equations  (20),   (21) and (22b) give for the wave height at large 
x    due to the infintiely deep doublet distribution alone 

^ = -8 / (1- exp(-knsec29) )     '■—~-    sin (^x sec 9) 
bB J 0 L  k "sec2n9 1 

n=0 

X cos  (k-j^y sin 9 sec 9)  d9 (56a) 

Equation (56a),  of course,  also represents the negative of the wave 
system due to the ship bow where    bn    is obtained from Equation  (21). 

If we omit the doublet distribution from the point    z^ = f-^ > 1 
to    z,   = * , we obtain the uncancelled wave height due to this by integra- 
ting the second term in Equation (20a) with respect to    f    from    0    to 1  . 

» n/2 oo n    t    r+1 ^r+li.   r-n+1 

^R -Ikn ' 8 7exp(.k0f1sec 9)^bnn.^     (r+l)   j  sec2 (n.r.l)( 

n=0 0 n=,0        r=0 
9 

X sin (k,   x sec 9)cos(k1y sin 9 sec 9) d9 (56b) 
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This  is formally similar to Equation (2Ua).    As in Equations 
(24b)  and(2Uc),  we can write 

5RO    < 8 exP(-kofl)    boko 

CR1    < 8 expC-k^)    b1      (  1 - 
l-2f. 

) K 
(56c) 

Therefore the same comment about Equation  (54a) can be applied to Equation 
(56a)  that is,  the uncancelled wave height,     5R    of Equation (56b) decreases 
almost exponentially with increasing    k0f^    for the usua2  range of Froude 
numbers. 

To obtain the approximate corraction we may use a perturbation 
method.    We replace    bn    by   bn(l+€n)     in Equations  (56a)  and  (56b).    The 
sum of these two newly formed equations gives the wave height produced by 
the perturbed doublet distribution of depth    f  .    When we subtract from 
this the wave system due to the ship bow as given by the negative of Equa- 
tion (56a)  we obtain for each term of the resulting series 

n/z 2 
T fiv,     frd- exp(-kf5ec29)) ,    /,„  ^xp(-k f^ec 9) 

k0    sec      9 

n r+1 r+1 
«Cfl      "(fi-l)       ]        r+L p 

X )  • —   k       ) sin(k x sec9)cos(k1ysin9sec 9)d9.     (57a) 
Z_i  fr+l,)icos2(r+-L)ö 
r=0 

The wave resistance represented by the first term in the wave system I0 
(putting n = 0 in Equation (57a) except for a constant factor is 

n/2 

R(I0) =y{€0 (i- 
2 P -knsec 9X     , ,   -k^f 1 sec^ 2^2        * 

e    0 )  -(l+€0)e    0 1 ^sec^ }    cos:>9d9 d9 

2 .2       _    .1-       „_  x   L_-ko/8 ^       /ko> 
= eo {5+ 2 •"fl0.a<ko)-,,#       G-2 W) -2€o(1+€o) kc 

-kofi/2          kofK    -ÖCo+k0f1)/2          ko+koflu 
X {e 0ml  (-T-)-e G^  (—^ )} 0.1 (^)- 

^o'^-o)2^ Ko (Vl) 
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where 
«/2 

/ 

-ko 
exp(-2kosec29)sec2n+19d9 = ^—— Gn(k0)(See Yim 1962a) 

;Mi, Ml {h (hli) . K, (^ 

G-2  (^o)  " J { Kl(ko)  + 2 koKo^o)  - 2k0 ^  (k0) } 

^o^^o) i ^l^o^ are the modi^ieci Bessel functions of the second 
kind of zeroth and first order respectively. Hence the value of €  which 

makes R(ln) minimum is €-.=.!§     where 0 0      2a 

Q = | + 2e    0 G_2(k0)   - h e"ko/2    G.2  (k0/2) 

*o {.-,tofl/2o.1(Vi/»)-.-(ko4kofl>/2«.i(;T^)) -o2 «^ MV13 

-kofi/2 -k0+k0f1)/2 
ß ■ -^o {e ö.^k^/a)-«   0 G.^ Wl/2) } 

+ k0
2 e"kcfl K0  (k^). 

The values of    e0    fcr different Froude numbers and    f^ = 1    are given in 
Table 1.    The  values of    €       for    n > 1    can be calculated as above.    How- 
ever,  since these are not so important in the usual range of Froude number, 
a rough and easily obtained approximation may be sufficient. 

Using the method of stationary phase for    y = 0 

-it f    n 

r^D 

X sin (^x ♦ {)   . (57b) 

If ve put    In  = 0 
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n+1 

ml 

€_ = n   _ _ n+1 

e 

m=l 

(57c) 

Vi^ . y t(Vlr-;{K0(fl-i)}- 

Equation (57c) is evaluated for fi = 1 and different Froude numbers, 
from n = 1 to n = 3 are shown in Table 1. For f^ = 1, 

e« = 
n+1 

k0      r-i it In 

(57d) 

e  - 1 

m=l 

We note that    en    in (57c)  is not a function of    e^    or   bn 

but only of    f]^ ,  k0 ,  and    n ,  and is always positive for    fi > 1    since 
the numerator in Equation (57c)  is positive,  and the denominator in Equa- 
tion  (57c)   is larger than that of Equation (57d).    The latter is positive 
due to the fact that 

n+1 
k ra 

l 
m-1 

It 
is a partial sum of the series expansion of e 0 .  (This is also true for 
y ^ 0 in Equation (57a). Hence if the b^s    are all positive (as for 
the sine ship treated in the next Section), each horizontal section of the 
bulb represented by Equations (21) and (25b) in 0 < z1 < 1 will be small- 
er than any corrected bulb. 

n 
€   's    (n > l)    in Table 1 are overestimated, or rather Equations (21) 
and  (23b) with   bn (l+€n)    instead of   bn   would indicate the upper 
bound of the size of bulb for minimum wave resistance subject to the con- 
ditions of this method. 

Since we determined    €_    from the stationary phase at    y = 0  , 

a 
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In order to find the exact optimum doublet distribution on 

0 < z, < f for the minimization of the wave resistancf3 due to a given 

ship it is better to attack this problem by a somewhat different approach. 

That is, we determine the unknown coefficients bn of the doublet dis- 

tribution directly by minimizing the wave resistance of a given ship with 

the bulb (see Yim, 1962b). This is equivalent to the present method pro- 

vided we obtain €n by minimizing the wave resistance due to the complete 

uncancelled wave system directly. en is not necessarily always positive, 

since in this case there are many extra cross product terms. According 

to Figures la and 2a, the exact optimum bulb is thinner near the free 

surface and thicker near the keel than the one corrected by the method 

given in this paper. 

It should be mentioned here that there is no interaction between 

the bow and the stern waves for the ideal doublet distribution since in 

this case the bow and stern waves are separately cancelled out by the bow 

and stern bulbs respectively. However for the finite doublet lines there 

exist interactions and the curves of wave resistance versus Froude number 

have humps and hollows. Therefore the design Froude number of the ship 

would normally be selected so that it falls at a hollow on the resistance 

curve. However, since the optimum bulb at the bow or the stern for each 

Froude number has the effect of smoothing out the resistance curve to a 

great extent (Yim, 1962a) the unfavorable effect of not falling on a hollow 

is usually outweighted by the advantage of using an optimum bulb. 

CASE OF SINE SHIP 

Inui (i960) pointed out that the smaller the Froude number, the 

greater becomes the importance of the first term in Equation (l6). In the 

practical case we need not take many terms in the series. At moderate 

ship speeds even one term will be enough since the second term of the 

series (16) produces wave heights of the order l/k-^ < 0.01 for F = .3 

while the first term is considered to be of order 1 (see Appendix). This 

is natural since it is well known that the first term of the series (16) 

for the source distribution of the ship is proportional to the angle of 
entrance of a ship and the angle of entrance has a great influence on the 

wave resistance. 

As an example, the first four terms of the cosine series will be 

taken for the source distribution in Equation (16) . Then the corresponding 

ship will be a sine ship in the Michell's sense. The coefficients an 
are taken such that the ship half-breadths are nondimensionalized with 
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respect to the h&T beam and the stations are measured from the bow and 
nondlmenslonallzed with respect to the ship length   L .    The values of 
«Q , bn    from Equation (2l), and    cn   from Equation (57c) for different 
Froude numbers and length-draft ratios are shown In Table 1.    The cor- 
responding doublet distributions, Equations (21) and (23b) without pertur- 
bation corrections, In   0 < z^ < 1 , for different Froude numbers are 
plotted as the solid curves In Figures la and 2a.    Also shown In these 
figures for purpose of comparison, are corresponding curves determined 
from the exact ship wave resistance minimization theory based on finding 
directly the optimum doublet distribution for a given ship with a bulb 
which does not extend below the keel (see Ylm, 1962b). 

The two dimensional approximate relation of bulb radius   x 
and the strength of doublet   u   per unit length of    z   Is   ii ■ r2V . 
This relation, although overestimating the actual radius   r , la used 
as an alternate means of expressing the nondlmenslonal doublet strength 
In Figures la and 2a In order to give some Idea of the approximate area 
distribution of the bulb. 

The remarkable reductions of wave resistance due to the bulbs 
for both cases are shown In Figures lb and 2b.    The bulb sizes near the 
keel    (z ■ -l)   determined from Equation (21) are very much smaller than 
those shown by the exact method Illustrated by the broken curves al- 
though near the free surface the former are slightly larger than the 
latter.    The Froude number of least resistance, where the reduction of 
wave resistance Is almost 90 percent. Is usually less than the Froude 
number for whl^h the calculation of the doublet distribution (21) was 
made.    This Is due to the fact that we have cut off the Infinite Ideal 
doublet distribution at the keel.    The figures of doublet distributions 
(21), uncorrscted by perturbations, appear to be almost linear In 
0 > z > - 1 .    This Indicates the Importance of the first term   b0ax 
of the series for the doublet distribution (21) or the first term   ao   of 
the series for the source distribution for a ship In the practical range 
of Froude numbers, as pointed out earlier and In the Appendix.    That Is, 
the equation for the first term In the doublet series   b0 - *o/kl    i8 * 
very simple but very Important approximate relation between the ship and 
the corresponding bulb.    It Is clear from the equation for the perturbation 
(57), and Table 1 that the nonlinearlty Increaaes when the length of bulb 
becomes smaller.    Hence It may be desirable to Increase the magnitude of 
the doublet strength near the keel or rather extend the doublet distri- 
bution below the keel If possible according to the methods Indicated In 
Equation (57).    However,  according to Figures lb and 2b the doublet dis- 
tribution of Equation (21) which gives a much smaller bulb than the exact 
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optimum one results in a very favorable effect even without the pertur- 

bation corrections. Besides even these bulbs are quite large when the 

Froude number is large.  In fact we may expect that the effects of vis- 

cosity, cavitation, and other design coaditions would ultimately deter- 

mine the maximum bulb size at these Froude numbers. 

CASE OF THE PARABOLIC SHIP 

When we consider the source distribution 

m = c (1 - 2x)  in 0 < Z-L < 1 (58) 

Michell's linear ship relation 

1  da m(x) = äf S 

will indicate that this is a parabolic ship with 

1 B 
C =  -  y 

n L 

where B/L is the beam-length ratio. 

Since we have an even power and an odd power term in Equation 

(58), the bow waves contain both the sine and cosine components. To 

cancel the sine bow waves we need to put a doublet line of strength 

from Equation (25b) 

Ü - ^1 

c = E7 

< Z-L < 1 

1 < z1 

The effect of doublet lines, both the ideal distribution cut off at the 

keel and the optimum finite distribution has already been demonstrated 

for a sine ship. In Figures 5a and 3b the optimum finite doublet dis- 

tribution for the parabolic ship and the corresponding bow wave resist- 

ance with and without the doublet distribution are shown (the process of 

calculation is discussed in Yims paper of 1962b). 

To cancel the cosine bow waves we need to superimpose the 

quadrupole line of the strength from Equations (28) and (29), 



-lObl- 

X _ ko    i 
c 7    zl 

kl5 

in 0 5 zi 5 1 

x 
c 

k    „       P     (2Z!-!) 
-£- [z 2 - (z-L-in = k0  _ in 1 < zi 

is usually larger than 1 and quite large if Froude number is small. 

k, . Hence 

kl 
k0 is smaller by the factor of the draft length ratio than «., 

inequality (45) would be satisfied for quite a large z^ for moderate 

Froude numbers but eventually inequality (U5) is violated for z^ larger 

than a certain number. However the effect of cutting the line off at a 

large ti  may not be serious as was shown fo^ the case of doublet. 

The wave resistance due to the cosine bow waves of the parabolic 

ship with and without the ideal quadrupole line cut off at the keel are 

shown in Figure kb.    The optimum quadrupole strength and the wave resist- 
ance with and without the optimum quadrupole (see Yim 1962b) is also shown 

in Figures ha  and kh.    Although the effect of the quadrupole line is not as 
prominent as that of the doublet for the sine wave, even the ideal quad- 

rupole line cut off at keel is shown to be quite favorable for moderate 

Froude numbers. The wave resistance due to the cosine component of the bow 

waves even without the bulb as is shown in Figure hh,   is quite small com- 
pared to that due to the sine component. However, in practice the cosine 

components seem to be much larger tha in this theory due to the change 

of the actual body streamlines caused by boundary layers and wakes. 



APPENDIX 

oince a2n    ^s t^e coefficient of a power series which repre- 
sents the source distribution of a ship, it is usually comparable to the 
cosine series where &2n ~  ("l)n n^n/{2n)I .    It therefore seems reason- 

2n able to assume that  (2n): a2n < Mn^ , M = finite number, for all n 
For usual ships F2 = i < i 

n/2 

■ / 
2n-l ^ cos    ©d9 = 

Besides the integral 

2.U.—-.2(n-l) 

3.5. —.(2n-l) 

is decreasing with increasing n . Hence a typical term in the Equation 
(18) for the wave height due to the ship can be estimated as 

n/2 
-k0f sec

2©  (2n):a2n 
!         ■  sin(k1x sec 9)cos(k-Iy sin9sec

c:9)d9 
(k^ec e)2^"1) 

1/ 

< e 
V n/2 

« r 2 n-l 
Mjt2 f    cos  ^ \ d9 m rt2MC .k0f 

(V«) 2(n.l) (^/n) 2(n-l) 
(A.l) 

Since n/k,  is a small number usually, it is clear how rapidly the inte- 
gral (A.l) decreases when n increases. Hence in practice we do not need 
to take many terms of the series in determining the optimum bulb.  That is, 
the magnitude of the corresponding terms for the doublet distribution de- 
crease very rapidly in the usual range of Froude number. Therefore we 
have only to consider the case of finite n when we consider the limiting 
case of z^ -»« ; i.e. the effect of the infinitely long doublet distribu- 
tion from Equation (20a). For the case of a finite doublet distribution 
we have 

it/2 oo 

-e 
-kofisec^ 

n=0 

n 

y 
r=0 

-k0f sec^ 

kon.lsec2(n-l)9 

n-r 

-k^sec 9 

(fl-f)' 
  ) sin(k,x sec 9) 

r-le_2(r-l)a      
1 

(n-OIko  sec' '9 

X cos (^y sin 9 sec e) de 
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Iiet Uü denote the terms due to the limit fj by Rn . Then for a finite 

n 

lim 
f-    ♦  00 Rn - 0 

because 

Lia 

f.   ♦ oo 

-v 
e  ifvf)n  = 0 

The argument is the sa-ne when the amplitude functions are given by Equa- 

tion (22). 
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(o)   WHEN   V ^ (57) 

(b)   WHEN   y >(^) 

FIGURE  5     SCHEMATIC  DIAGRAM   OF   DIVIDING   STREAMLINES DUE   TO 
A POINT DOUBLET  PLUS A POINT OUADRUPOLE  AT  THE 
ORIGIN WITH  THE  DIRECTIONS PARALLEL TO THE AXIS 
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DISCUSSION 

by T. Takahei 

I have been working on the identical problem these past few 
years,  so that I appreciate Dr.  Yim's paper very much.    He has not only 
developed the theory to the extreme extent,  but also has   introduced 
newly idea of quadropole and no-wave singularity.     I find his work of 
great personal  interest  in obtaining more favorite shape to attain wave 
cancellation conditions. 

I would like  to make some remarks  in regard to the first part 
of the paper.    I have also  investigated the possibility of using distri- 
buted doublet to obtain a better coincidence between the amplitude  func- 
tions  of the bow wave,     A(0),  and the bulb wave,     B(0).     Plotting B(0), 
for various distribution of doublets,  versus    0,     I have  compared  these 
curves with the  curves  of    A(9)   versus    0.    A quick glance at these  fig- 
ures reveals that the amplitude function of the conical source distri- 
bution has in general a better match with the  amplitude function of the 
hull than does that of the  single doublet,  especially in the  region of 
large    0    values.     It must be kept  in mind,  however,   that the linearized 
theory is being used,   and that this theory is  not  very accurate for large 
values of    0    due to the linearization of the  free surface conditions. 
For this reason conclusions  reached on the basis of purely mathematical 
considerations of the linearized theory are not strictly valid.    An in- 
vestigation of the wave  steepness  in the  region of large    Q    will easily 
verify this  fact   (see Figure 7  in the paper at this seminar entitled, 
"Non-bulbous Hull Forms Derived From Source Distribution on the Vertical 
Rectangular Plane" by T.   Inui). 

I am afraid that  if the problem of wave  cancellation is approached 
from a mathematical point of view without regard to these  facts,  the  re- 
sults may lead to the wrong conclusions and will not aid the  investiga- 
tors  in revealling the  inherent physical character of the problem.     This 
is  the  reason we emphasize  wave  observation so much. 

Another thing I would like to point  out  is  that due  to the 
weight  function    cos^ö appearl  g in the  integral  for the wave-resistance, 

=    n p V2  ^  [AF  (0)   - B(0)]2 cos^ Q dO 
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there is no need to take into account too heavily the difference of the 
amplitude function between the main hull and the single concencrated 
doublet for large values of   Ö. 

For some time now I have been testing hull forms fitted with 
bulbs. Some of these bulbs correspond to the cases like Dr. Ylm's 
draftwisely distributed doublet. The top of the bulbs were raised up tJ 
the waterline, with the shape of the bulb becoming a kind of cone fitted 
to the main hull. The test results were disappointing, as we had an- 
ticipated the resistance being considerably greater than predicted by 
theory and especially so in the low speed range The blunt shape of the 
stem disturbed the water surface sufficiently so that the boundary con- 
ditions of the linearized theory were seriously violated, thus producing 
higher drags than evaluated from that theory. Favorable wave cancella- 
tion could and was achieved with the single doublet, or its modifica- 
tions, however, when the top of the bulb was kept a substantial distance 
below the water line. For these configurations the linear wave-resis- 
tance theory may prove to be valid to a sufficient degree of accuracy. 

I would like to describe some of the work completed in Japan 
so far     The major part of our work has been devoted to wave calculations 
and wave measurements.    These have, to a large extent, been neglected in 
the past because no accurate means of measuring waves were available. 
In our opinion, waves generated by a ship are directly related tc the 
hull form in contrast to ship wave-resistance, which is the  '•resultant" 
effects due to "compound" forces acting on the ship.    In this context 
"resultant" and "compound" mean that the resistance results through an 
integral process of forces acting against the ship's bulb.    For this 
reason theoretical calculations should be proceeded by experimental de- 
termination of wave patterns.    Ambiguous factors, such as viscous effects, 
are also involved in the resistance measurements.    It is very difficult 
to correct for these factors so as to correlate theoretical and experi- 
mental resistance results.    On the other hand,  one Is able to completely 
observe and measure ship waves by means of available methods.    Observed 
waves not only enable us to examine the validity of our theories, but 
also makes it possible to introduce reasonable corrections and often 
provides an intuitive Insight into the mechanism of the wave-making 
phenomena. 

I believe the above mentioned considerations must be taken 
fully into account in any evaluation of theoretical predictions, and 
I would welcome any effort made in regard to the problems concerned 
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with the ship wave phenomena, through such efforts the development of 
the field of ship hydrodynamics will proceed in an orderly scientific 
manner. 

I would appreciate it if Dr.  Yim would check his theoretical 
results by experiments  inclusive of wave observation. 

by H.  Maruo 

Dr.  Ylm's paper is truly excellent inspite of its somewhat ab- 
stract appearance, because it is not only the refinement of Inui's wave- 
less bulb concept,  but it has shown that the ship form of mathematically 
zero wave resistance can exist.    The author has begun with the doublet: 
and proceeds to higher singularity,  i.e.,   quadrapole.    In this respect 
I feel a little regret, that why he does not consider a simpler singular- 
ity that is the source.    It can be easily proved that the waves gener- 
ated by a source distribution along a horizontal line which represents 
a slender ship,   can be offset by the waves generated by sources and 
sinks distributing along vertical lines at both ends.    The ship form 
generated by these singularities is more  feasible than Yim's m     .1 with 
vertical doublet distribution.    The ship form by the source distribution 
has a deep (infinite) keel like a yacht.     If the vertical keel  is cut 
off at a finite depth,  the wave resistance which remains uncancelled is 
identical to the wave resistance of the main part of the hull when it 
is submerged at the depth of the bottom of the keel.    Experiments about 
this type of ship model is planned at Yokohama University tank. 

by Lawrence W.  Ward 

I would like to make Just one point;  in regard to Equation (l) 
the limits of integration are not correct.    I have discussed this point 
already in connection with Captain Shor's paper.    Note: 

n 
s dO    should be 1/ 

n 
2 

-n 
8 

tan"1, | 
dö      y>0 

1 */2 
*/ do    y<0 

-n/2+tan •L|,L 

'x 
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I thank Professor Takahel for his kind compliment and his comment. 

(a) As for the large value of A (9) in the region of the large 
9 , I do not think that I have to discuss this point further since Or« 
Eggers and Mr. Sharma pointed out and made clear that the large value of 
the Integrand A (©) for large 0 does not necessarily mean large «mpll- 
tude of waves. However, I do agree on the fact that we need not be con- 
cerned too much with the cancellation of elementary waves In the region of 
large 0 values because of the weight function cos^d appearing In the 
Integral for the wave-resistance. 

(b) As we see In the figures la and 2a, the optimum doublet 
distributions are not like conical distribution. It has a large value near 
the keel showing that a concentrated doublet near the keel may be a fair 
approximation to it. However, we notice In the figures la and 2a that the 
ideal doublet distribution cut off at the keel is much smaller in strength 
than the optimum one for the corresponding Froude number, although it looks 
like a conical shape. As Or. Welnblum pointed out in his early paper 
(1935)/ the smaller bulb is more effective in the reasonably shallower 
depth« 

I appreciate Professor Maruo's comment« The reason why I dealt 
with only the doublet and the quadrapole Is that, by that way, the cancel- 
lation of waves at the bow is Independent from that of the stern. Besides, 
the theory for bow waves is true for stern waves if we do not consider 
the Influence of a propeller and the boundary layer. Yet, it seems to be 
better to consider the stem bulb Including the Influence. However, the 
consideration of source will be very helpful especially in the case when 
we have to worry about the Increase of form drag due to the bow bulb. 

In reply to Professor Ward's comment: Equation (l) is the wave 
height at a large x . At the large distance from the ship singularities 
the assymptotic behavior of ship waves is well known, and it can be said 
that the part of integral between n/2 and n/2 - tan" |y/x| in Equa- 
tion (l) is negligible for all y . Therefore, the limit has been taken 
simply as (l) by Havelock (1951), and Inul (i960), and others^as long as 
they concern the waves at a large x . 
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INTRODUCTION 

The purpose of the study reported here was to calculate the 

wave resistance of a ship represented by a source-sink distribution over 

its surface. The theoretical analyses of ship wave resistance in the 

past 65 years have utilized almost entirely representations of the ship 

by internal singularity distributions, the most common of these being 

centerline plane distributions employing the thin ship approximation. 

This yields a very simple relation between the source density, the 

speed and the local slope of the waterline. While such theoretical 

studies have been useful in indicating the manner in which many of the 

hull form parameters affect wave resistance, the thin ship theory has 

never been applied to a quantitative prediction of ship resistance to 

the satisfaction of naval architects. While there are certainly several 

facets of the analysis which leave much to be desired with respect to 

capturing the effects produced by real fluids, one simple observation 

that anyone can make is that almost all ships of practical interest are 

not thin. They are more aptly described as slender in that their length 

is 5 to 10 times the maximum breadth and, in addition, the breadth of 

many sections is 2 tc 3 times the draft. Ship forms of low longitudinal 

prismatic coefficient (say less than O.65) have a combination of thin 

and slender body characteristics in that their ends, i.e., the entrance 

and the run portions of their forms, are quite thin. Consequently, it 

seemed worthwhile to determine the importance of using a mathematical 

model which more closely represents the geometry of the hull. The 

opportunity to do this has been provided by the work of Hess and Smith'-'' 

who have calculated the flow about a series 60 hull having a block 

coefficient of O.60 using a met.iod which does not depend on thin-ship 

approximations. 

A statement of the problem which must be solved in order to 

represent a floating ship accurately is first given and followed by a 

description of the problem solved by Hess and Smith. Formulas for the 

wave resistance of an ensemble of sources are cited and methods of 

reducing them to numerical results are discussed. Results of these 

calculations and those for the thin ship wave resistance and their 

comparison with the residuary resistance coefficients derived from 

experiments with a 5-foot model are displayed. A discus- 

sion of the probable reasons for the differences obtained between thin 

ship and surface distributions is followed by hueristic arguments re- 

garding the differences between residuary resistance and computed wave 

resistance. Finally, recommendations for developing a procedure which 

may enable practical estimates of ship wave resistance are formulated. 
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THE BOUNDARY VALUE PROBIEM FOR FLOATING BODIES 

Throughout the discussion, the right-hand Cartesian coordi- 
nate system (x,y,z)  is fixed in the body.    The fluid is assumed to be 
incompressible and inviscid.    The motion is taken to be irrotational 
and hence characterized by a velocity potential    ♦   which defines the 
fluid velocity   q*   by    q*= -V^. 

Let us first consider a body moving in an infinite fluid,   i.e., 
without boundaries,  at a constant velocity   V^, .    Its velocity potential 
*    must satisfy Laplace's equation in the region    C    exterior to the 
body surface    S , have a zero normal derivative on    S , and approach 
the free stream potential at infinity. 

V2 ♦ = 0        in    C (1) 

dn 
■ r • v« I - o (2) 

s Is 

Um    [♦] - -V^.? (3) 
|r|-»« 

where S is the surface of the body 
C is the region exterior to S 
n is the unit outward normal vector at a point on S 
vL- itr. ♦ JVV ♦ kV, 
r = i5c •♦• 3y '•■ kz 

Let qp be the disturbance potential due to the body. $ can be written 
as 

♦ - -Vl- r*+ qp (4) 

and 9 satisfies 

V2(p » 0 in C (5) 

|2|8 -f?. *p|8 -r.tl, on S (6) 

Lim [(p] - 0 (7) 
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It is known that the potential ~ can be represented by con
tinuous source distribution a on the body surface S , and ~ (1) is 
given as 

~(x,y,z) = ff ~-- dS (8) 
s rTP,CiT 

where r(P,q) is the distance from the integration point q(~,~~~) on 
S to the field point P(x,y,z). ~ shown in Equation (8) satisfies 
Equations (5) and (7) automatically. The distribution of a must be 
determined so that ~ satisfies the normal derivative condition required 
by Equation (6). As long as P is not on S, differentiating Equation 
(8) under the integral sign is permitted. 

~ = ffs a(q) ~ lr(~,q)]ds (9) 

As the field point P approaches the point p on surface S , it is 
shown in References 1 and 2 that o~/on is discontinuous although 
lim ~/2n and o~/onl both exist. In fact, we have 
P~p P=p 

Lim orn 
.=.x = -27ra(p) 

p~ on +~I 
on P=p 

and, if we define o~/onls as lim o~/on, we have explicitly 
P~p 

~ = -27ta(p) + Jf a(q) 0 r 1 
Jds 

on s dn lr(p,q) 
(10) 

Substituting Equation (10) into the boundary condition required by Equa
tion (6), the result is a Fredholm integral equation of the second kind 
over the surface S • 

(11) 

For a floating boiy, Green's function G is chosen such that G satis
fies Laplace's equation in the region C exterior to the body surface 
S • In addition t o satisfying the normal derivative condition on S 
and approaching to the free stream potential at infinity G must also 
satisfy the linearized free surface boundary condition(~~ 

o2G OG 
(ox2 + ko OZ) 'Z=O = 0 (12) 

where 
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If the body is moving along the positive x-axis at a constant 
speed U, G(given in Reference (4)) is or ~~e to~ . ....... 

where 
G(p,:q) '"' !._ -.!-·!... + R(x,yl-!i t, '), t) 

rl r2 
(13) 

rf '"' (x-~)2 + (y-')) 2 + (z+t) 2 (14) 

r~ '"' (x-~)2 + (y-')) 2 + (z-t) 2 (15) 

-4ko 11f/2 £• :;>_ [k(z+t)+i(.x-~)cosQ] cos[ko(Y:'It)sec2esin9] 
R • ---- Re sec-ve dkd9 

J( 0 .... 

and 

... ... 
v. • -iU 

k - k0 sec2e 

s L 
k0 = IV:I2 = u2, the wave number of the motion. 

(16) 

It is shown in Reference 4 that the function H is regular in 
the lower half plane (i.e., below the free surface) and has the property 
at vanishing Proude number (infinite wave number) 

2 
Lim(H) • ~ 

kot• r~ 

and, at large Proude number, 

Lim(H) = 0 
k~O 

(17) 

(18) 

Substituting Equation (13) into (ll), the integral equation for surface 
distribution of a floating body is 

;;tp) • V:, = -~a(p) + If. a(q) ~ I"J.~,q) - r2(;,q) + H(p,q} ]dS (19) 

Within the accuracy of the linearized free surface, the first order 
approximation of the surface distribution velocity potential is 

~(P) =lis a(q) (rl(~,q) - r2(~,q) + H(P,q)JdS (20) 

where the source distribution a is dr termined by Equation (19). Thus, 
in the presence of the free surface, the source density a will depend 
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not only on body geometry out also on the Froude or wave number because 
of the presence of the function H . 

It is obvious that Equation (19) is very difficult to solve, 

principally because H involves a double integration over wave direction 

angle and all wave numbers k0 . There is no need to emphasize here the 

complexities of the problem. Hess and Smith^) of Douglas Aircraft have 

solved for the source distribution representing the flow at zero Froude 

number for a series 60 ship numerically. The integral equation they 

consider is secured by substituting (17) into (20), namely 

nip) ' vl ■ -2fla(p) * !!s  a(q) ^ 1   +   1 
'XCP,^)  r2(p,q) 

(21) 
2^ 

and, hence, the effect of the presence of the free surface is obtained 

for small Froude numbers. This corresponds physically to reflecting the 

ship form in the free surface. Basically, their approach is as follows: 

The body surface is approximated by a large number of small 

plane quadrilateral elements which are formed from the origined points 

defining the body surface. The source density is assumed constant over 

each of these elements. This assumption reduces the problem of deter- 

mining the continuous function a   to the problem of determining a finite 
number of a    (one for each of the planar elements). The contribution of 

each element to the integral in (21) is obtained by taking the constant 

but unknown value of a   on that element out of the integral, and then 
performing the indicated integration of known geometriced quantities 

over that element. Thus, requiring Equation (21) to hold at one point 

p gives a linear relation between the unknown values of a on the plane 

elements. On each element, one point is selected where Equation (21) is 

required to hold. This gives a number of linear equations equal to the 

number of unknown values of a . Once these are solved, flow velocities 

may be evaluated at any point by summing the contributions of the plane 
elements and adding proper components of the onset flow. Thus, the 

source densities a's can be obtained by solving this system of simul- 

taneous equations. 

The source densities determined in this manner are panel sources, 

i.e., within an elementary area, the source strength is constant, being 

uniformly distributed over that area. For the present wave resistance 

calculations, the panel sources are considered as point sources located 

at the centroid of the elementary area. There are questions as to the 

validity of this approach and an  investigation has been made. Although 

no "iron-clad" conclusions can be arrived at from the study, the general 
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tendencies do show that considering the panels as point sources is suffi- 

ciently accurate for the purposes of calculating wave resistance. This 

is due to the fact that the source panels aie all very small compared to 

the length of the waves generated in the range of Froude numbers of in- 

terest. 



THE WAVE RESISTANCE OF AN ENSEMBIE OF POINT SOURCES 

The wave resistance generated by descrete sources can be calcu- 

lated from the following expression given in Reference 6 or 7: 
/p 

R = l6npk0
2U2 / ' (P-L

2
 + P2

2 + P3
2 + P]+

2)sec39 d©     (22) 

The functions P< are, for finite number of point sources, given by the 

sums 

r / \       / p \   -knZjSec29 
P,   = L m^ cos(x^k secQ)cos(yjk secc9 sinöje    u * 

2 
Z/ \       / o \   "k^z^sec 9 

m'  sin(x.k sec9)cos(y,k sec^ s<n9)e    0 * ^      A     i io io 
2 

P3 = Z m^ cos(xik0sec9)sin(yik0sec
29 sin9)e"kozisec e 

o 
P4 = L m^ sin(xik0sec9)sin(yik0sec

29 sin9)e"kozisec e 

where 

mi ~  ai^i> ^e  ■trtngth of the so'irce 

A^ is the area of the quadrilateral element 

(xi*yi>zi)  is 'the selected coordinate of the source point 

It is of some interest to observe that the wave resistance can 

be reduced to a summation involving tabulated functions. 

We may write 

(P2 + P2 + P2 + P?)   = Z Z m^ m^  cos[k0(xi-Xj)sec9] 

.2c 

i J 

cos[k0(yi-y.)sec'i9 sin9]e    0    1    J (23) 

Substituting (23)  into (22)  and interchanging the order of integration 
and summation 

2TT2 R = i6Ttpk0nr Z Z m^ nj r^j (2M 

where 

-IO9O- 
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ij /      cos(*i'jSec9)cos(Tii .sec^9 sin9)e      ^        "secBödG 

p 
•z< ^sec 9 

(25) 

eiJ      koCxi-Xj),   rjij  = ^(yi-yj)    and     ^j = k (z^Zj) 

By letting    sec9 ■ cosh ^ ,  Equation (25)  takes the form 

U 
e    ^   r*       /. u u^ / sinhuv   -^jjcoshu .   . f    costal  cosh -)  COS(T]. .  }e       ü (l+coshu)d\ u 

(26) 

If    i  = J,  then    i^.  = 0,   r\^.  =0    and 

p-^ii 

'ii 
/e.^licoshu(l+coshu)du 

or 

Cu 
ii [KJ^) ♦ «1(^)1 (27) 

where Kn are the modified Bessel functions of the second kind. There 

is a series solution for r^j, i / J . 

,-«IJ 
m+1 

2m 2n »n ^ .m+l, 

where 

m+n r(n+^) 

\n = (f) (2m):(2n): 

("^q ) are the binomial coefficients 

♦See Appendix 
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Diie to the complexity of this solution, however, Equation (28) has little 

merit for numerical computation. Normalising the strength of the sources 

by i      and the wave resistance hy — pU^L    , expression {2k)  becomes 

R' = 

I PA2 = 2ff(küL) Z Z n^mjrij 

m1 
where ^ = -5 and L = 2i . 

The double series can be thought of as a square matrix wich 

elements Rjj = nijm.rj* . Equation (29) can be written as 

2n{k0Ly 
= (1 1....1) 

'Rll E12' 
R21 R22• 

RN1 RN2' 

.R 

^N I : 1 

R
NN/ 

i! 

(50») 

or 
2n(k0L)2 

("»! m Q • • .n^). 

rll r12' 
r21 r22 

n 

rlN\ ml 

! 

1 

NN' ■Vi 

(50b) 

Since rii = rii as displayed in Equation (25), the square 

matrices in both (jOa) and (50b) are symmetrical matrices. Physically, 

the diagonal terms are the wave resistance of the individual sources, and 

the off diagonal terms are the contribution from the interaction uetwcen 

sources. By expressing the wave resistance expression in such form, one 

can, in principle, observe from computer readouts the contribution 

wave resistance from various parts of the body. 

A) 



STRENGTH DENSITY OF SOURCES DISTRIBUTED 
ON THE HULL SURFACE AND ON THE CENTER PLK:IE 

Curves of the source densities determined numerically b> Hess 
and Smiths)   for the Series 60,   Cg = 0.60 hull are presented  in Figures 
la,  lb and 2a through 2e.    Also shown in Figures la and lb are the center- 
plane source densities calculated for the thin ship approximation in 
which the hull is  fitted with a 70-term polymonial presented in Refer- 
ence  8.     It is  interesting to note that  the surface  sources near the 
water-plane   (small  z/d)  are about twice  as  strong as  the thin ship 
sources.    This is accounted for by the presence of strong sinks needed 
on the surface to meet the boundary condition in the vicinity of the 
keel;  a comparable  sink distribution in forebody  (and sources   in after- 
body near the keel)  is not present in the thin ship distribution.    The 
hull-surface source distributions shown in Figures 2a through 2e are 
particularly intriguing  displaying rt-pld changes  (as might be expected) 
at the turn of the bilge.    The knowledge of the nature and relative 
magnitudes of these surface distributions allow us to make qualitative 
analysis of the results of the resistance calculations. 

DESCRIPTION OF MODEL EXPERIMENTS 

A model of the Series 60, CB = O.60 hull as fitted by poly- 
nomials (see Reference 8) was built and towed at Davidson Laboratory, 
The model has the  following principal dimensions: 

Length L 5.000 ft. 
Beam B .670 ft. 
Draft d .267 ft. 
Wetted Surface Sw                          ^.255 sq.  ft. 

It is emphasized that the lines used are those for which Hess 
and Smiths5) made their calculations.    These lines differ in the bow and 
stern regions from the actual Series 60 lines.    The lines used do not 
contain a propeller aperature and are considerably "thinner" in the stern 
quarters.     It  is  not believed,   however,   that these differences  would lead 
to significant effects on wave resistance. 

-1093- 
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FIGURE2 0     SOURCE  STRENGTH  DISTRIBUTION AT (X/^) = 0.80l 

- 
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nGURE2b.    SOURCE  STRENGTH   DISTRIBUTION AT (X/^) = 0.476 
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FIGURE 2c.    SOURCE STRENGTH DISTRIBUTION AT (X/l)«0.0224 
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FIGURE 2d.    SOURCE STRENGTH DISTRIBUTION AT (X/|)>-a0424 
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FIGUREZe.    SOURCE  STRENGTH   DISTRIBUTION AT (X/^)«-0.755 
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Towing tests over a wide range of Froude numbers (0.20 to 0.65) 

were conducted in Tank NO. 5 with the model fixed in heave and trim and 

also witn freedom in heave and trim. Curves of model residuary resistance 

are given for sake of reference in Figure 3» Curves of residuary resis- 

tance coefficient obtained by subtracting the Schoenherr flat plate 

frictional resistance from the total and dividing the result by 1/2 pL U 

(where L is the waterline length, the model ends being vertical) are 

shown in Figure h.    It is seen that the resistance of the model restrained 
in both heave and trim is less than when unrestrained at higher Froude 

numbers. This is in keeping with experience, the reason being that the 

displacement is effectively reduced as a long wave is developed so that 

the resulting form provides less disturbance to the water. 

COMPARISON OF CALCULATED WAVE RESISTANCES AND 

RESIDUARY RESISTANCE DERIVED FROM EXPERIMENT 

In Figure k,   it is seen that the wave resistance computed from 
surface sources is larger them that from the thin ship sources at all 

Froude numbers less than 0.53 a™* "the reverse is true at higher numbers. 

This behavior may be qualitatively explained from the relative magnitudes 

of the source densities shown in Figures 1 and 2. At low Froude numbers 

the sources near the surface have a predominant role since those near the 

keel are attenuated by a function of the form 

2ä 

in which the wave length  X and depth to the source element z are of 

comparable magnitude at low Froude numbers.  However, at high Froude 

numbers the draft becomes small compared to the dominant wave length and 
the bottom sinks on the hull surface provide sensible interference terms 

which may account for the reduction in wave resistance below that of the 

thin ship for F > 0.53. 

In regard to resiotance from model data, it is important to 

note the excellent agreement between the residuary resistances obtained 

from the 5-foot Stevens model and the 20-foot model towed under compar- 

able conditions at David Taylor Model Basin. This is typical of the 

comparisons obtained on normal hull forms from these two towing tanks. 
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Comparison of the theoretical curves of wavemaking resistance 

with the residuary resistance derived from experiment reveals large dif- 

ferences at all Froude numbers in excess of 0.25. It is believed that 

these differences may arise from two weaknesses in the theory and from 

a questionable procedure in the standard reduction of model data.  These 
are: 

1) Failure to account for the effect of viscosity on the wave- 

producing capacity of the stern 

2) Failure to account for the effect of the deformed free 

surface on the hull boundary condition and hence upon the 

source density 

5) The residuary resistance derived in the usual manner from 

tank tests is not the wave resistance of the model. 

Many observers of model tests have noted the fact thnt the stern 

waves generated by a model are much less pronounced than those generated 

by the bow. But the present theory makes use of a potential function which 

provides a disturbance pressure distribution achieving full stagnation 

pressures ooth at the bow and the stern. Pressure distributions obtained 

from wind tunnel, water tunnel and towing tanks always reveal a significant 

reduction in pressure in the trailing edge region of all bodies, even those 

that are thin due to the action of viscosity. It would, therefore, seem 

much more reasonable to modify in a rational fashion the source strength 

in the disturbance potential and, hence, the free surface Green's function 

to allow for this softening effect of viscosity on the stern pressures and 

thus provide mucl. smaller stern waves in the mathematical model. 

A quick demonstration of the pronounced influence of stern lines 

on the humps and hollows exhibited by the usual representations at low 

Froude number is afforded by Figure 5  Here it may be seen that the wave 

resistance of a thin strut with parabolic water lines is modified in the 

direction of experimental behavior by providing a cusped after-body thereby 

reducing the disturbance pressure coefficient at the trailing edge from 

1.0 to 0.086. The humps and hollows at low Froude number are strongly 

attenuated and the resistance decreased. 

Sir Thomas Havelock'  ^ has shown in greater detail the important 

effects obtained by modifying the stern lines to account for the gross 
action of viscosity in the generation of wa/e drag by the extreme stern 

shape.  In this connection, Inui has advocated a procedure to correcting 

model resistance data to account for the attenuated stern waves and a shift 

in phase between the theoretical and observed wave profile. However, appli- 

cation of his correction curves to this case of the Series 60 does not yield 
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any noticeable correction to the theory. It seems safe to s^v that no 

entirely rational procedure has yet been devised to correct the theoretical 

wave resistance calculation. A proposal for a new procedure will be given 
later. 

The fact that the existence of waves generated by the first order 

mathematical model is ignored in regard to the determination of the source 

density from the hull boundary condition is considered to be an important 

omission in the presently employed scheme. This omission must certainly 

become important as F -»0.50 and may be important at Froude numbers much 

lower than this. Inclusion of the effect of the function H in Equation 

(19) at each F appears to be dependent upon developing a computer program 

which can economically compute the double integral (k- and 9 integrals) 

upon which H depends. It would seem feasible to devise a less accurate 

representation of the hull by use of fewer singularities in order to 

investigate the importance of the image contribution to the boundary con- 

ditions at all Froude numbers of interest. 

Almost all model tank experimenters agree that the residuary re- 

sistance (as usually calculated by subtracting out some flat plate friction) 

is not the wave resistance of the hull. Thus, in addition to wave drag, the 

residuary resistance also contains the viscous pressure drag, the skin 

friction arising from three-dimensional form effects and spray drag at 

large speeds.  Several efforts have recently been made to isolate wave 

resistance by measuring the waves at some distance astern and also by making 

a multi-tube wake survey well abaft of a model. The results of these studies 

are stimulating but, until they have been scrutinized in detail and applied 

more widely, it does not seem possible to draw a well-founded conclusion. 

It is the authors ' opinion that wind tunnel experiments with a reflected 

model can be effective in isolating the skin friction and viscous form 

drag of ship hulls. 

CONCLUSIONS AND RECOMMENDATIONS 

The calculation of wave resistance from a mathematical model made 

up of sources distributed over the surface which accurately meet the boun- 

dary condition as F -»0 shows that a larger resistance is secured than 

from the corresponding thin ship method for all Froude numbers of practical 

Interest.  However, this improved representation of the hull does not ^ield 

better agreement with residuary resistance derived from model tests except 

at exceedingly low Froude numbers. 
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It is recoi    a that steps be taken to remove the lack of realism 

in the mathematical model with respect to the wave-generating character- 

istics of the stern. This might be done by measuring the pressure distri- 

bution in the stern region and into the wake of a reflecting model in a 

wind tunnel at the same Reynolds number achieved in the towing tank. The 

drag of the lower half model could also be secured while in the tunnel. One 

may then calculate a source-sink distribution which would meet the kinematic 

condition on the fore part—say forward two-thirds of the length and would 

also satisfy the pressure variation over the latter third length and into 

the wake. This would require solving a mixed boundary value problem ana- 

logous to cavity flows except that the pressure varies as determined from 

the measurements in lieu of being constant as in the cavity region. The 
model can then be towed in a tank and the wind tunnel drag subtracted from 

the total to leave the wave resistance plus the free surface effect on the 

viscous drag (which should be small). The wave resistance predicted from 

the source distribution (determined in the manner described) above can then 

oe compared to difference to towing tank and wind tunnel data to check the 

validity of the procedure. It would be best to attempt this procedure on a 

strut ship first since a method exists for solving the integral equation 

for the source density required to meet both kinematic and pressure condi- 

tions in two dimensions. 
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APPENDIX 

Evaluate the integral of the form 

riJ 'H 
e'ZiJ   r        r v u^       /•        sinhu»  -z^cos hu. . /    cos(x..cosh 3)cos(y.. —5—)e    *• (l-fcoshujdu 

c 
CD 

where 
X1J " ko^i-^) 

If i ■ J, then XU ■ 0, yii ■ 0 and z^ ■ ^Q^. Hence 

00 

-Z 
e"

zii   f  -z^icoshu rii ■" 1       /«    "1 (l+cosh^du (2) 

o 

From Reference 10, p. l8l, Equation (2) Is represented by modified Bessel 
functions of the second kind 

If 1 / J, expand the cosine function in Equation (l) into Maclaurin's 
series 

00 

cos(x. ,cosh -)  =   5^     ^      xf11 (1 ♦ coshu)m (U) 

m=o 

,        sinhu.        V     (-l)n        2n  /   .  .   ^2n /c* cos(y. -    )  =    )    ^—^  y      (sinhu) (5) 

m=o 

Upon substituting Equations  (h) and. (5)  into (l) and interchanging the order 
of summation and integration, the expression    r.,    for    i / J    becomes 

(6) 
m=on=o  (2m) .'(2^:2' 

IIO9- 
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From Reference 11, p 165, Equation (126) is given as 
00 

fe'z  coshusinh2nu du = ^ r(n ♦ |l z'\(z) (?) 

o 

By successively differentiating Equation (7) under the integral sign with 
respect, to z and using the relationship 

W2) • i Kn(z) " Kn^ 

a recursion formula can be obtained 

•z coshu 
e      cos hqu sinh2nu du = 7^ r(n + l)»-» K  (z)     (8) 

\ln 2     n+q 

Upon expanding (l + coshu)m   and applying Equation (8), the integral in 
(6) becomes m+l 

^-ziJcoShu(1+coshur+lsinh2nu du =£ rCn^z^y r^K^Cz^)  (9) 

where (       )  is the binomial coefficient. 
• q 

Denoting 

A  . ilL 1^ r(n4|)  
m ' ^m+n (2m)'(2n)' 

00 oc m+l 

e iJ \ \  .   2m 2n -n V ,m-Hw  ,  ,     #1ä1 

m=on=o q=o 
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ON THE RELATION BETWEEN PRACTICAL SHIP'S HULL FORM 
AND AN ATTEMPTED SINGULARITY DISTRIBUTION 

ABSTRACT 

A simulation of ship body is attempted in this paper with 

linear singularity distributions on sane stratified horizontal lines 

in the center plane. For the first step an algebraic power series 

is applied to this method, and could not entirely succed in obtaining 

analytical aspect on the relation between the form of ship hull and 

distribution. This simple method, however, appears to be promising 

if the resulting fluctuation of solution is removed by means of 

mathematically smoothed function for approximated distribution and 

increase of boundary points widely covering the hull surface to the 

practical extent. For the local examination this method is still 

applicable by spreading boundary points around a focused part. 

Contents 

1. Introducticn 

2. Outline of the Method 

5. Induced Velocity Term Integrals 

k. Coefficients for Singularities Distribution 

5. Stream on the Hull Surface 

6. Numerical Evaluation 

7. Conclusion 
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gave a useful contribution and suggested the superiority of Chebyshev 

polynomials.  In this paper the use is made of familiar pover series 

simply because it is easy for integrals of potential series and the 

purpose is in an investigation over the possibility of this method, 

and improvements are left aside.  In the evaluation of wave resistance 

care should be taken for a use of derivatives of thus obtained density 

distribution. 

2.  OUTLINE OF THE METHOD 

A ship body represented with y = f(x, z) [-1 < x < 1, 

-t < z < t]  is assumed tu be placed in the uniform flow - U0, and to 

produce a velocity field which has the 

same potential as a certain density 

distribution of sink and source 

mU0 = UomU,0 
5=-l 

where (ft, 0 is coordinate of a point 

on the center line plane, that is, 

generally closed surface covering 

singularities inside of the hull sur- 

face. Assume that R denotes the dis- 

tance from a point U> 0, ^) on the 

source surface to a point (x,y, z) in z 

the field outside of the hull, and the velocity potential at that point 

bee ones 

^ 
£=t 

9- 

t 1 

* ■ v*fe//^ (1) 

-T -1 

considering the mirror image distribution against a rigid water surface, 

but neglecting the other images to the free wave boundary. 

u-—] tGnff     ^N 

*f 



I i - .; • 

The Doundary condition, therefore, should be considered on the closed 
hull surface as follows: 

\ OX     «>  \ ox   dy        ozj 
- 0   (2) 

that is, 

t 1 

Jo dx  i|,t \,dx dx "J öy + dz ozy J J 
•t -1 

as a closea surface, 

%    1 
mdrdf =  0 

0   (5) 

(M 

In the investigation of hydrodynamical aspect longitudinal 
distribation has beer studied for a long time on the two dimensional 
problem arid and it becomes very familiar and important to us. For 
convenience of calculation and acceptable understanding m(|, j;) is 
longitudinally replaced with continuous conventional type of fanctions 
and vertically treated as several distributions on appropriate discrete 
layers for lengthwise function on the layer k, 

n 

■U)  - y *r rr(i) 
r-o 

(5) 
r---o 

assuming F (O = ^ 
and for vertical discrete division layer k is decided with Chebyshev 
ordin.ate rule, 

«(1.0 -I W^r^ (6) 

K r 

Thus the integral Equation (5) is resolved to a group of relevant 
simultaneous equation with (n-H)k unknowns.  In Equation (3) 
df/dx and df/bz  had. better to be graphically picked up from the 
body diagram in practice except for analytic models. 



3.    INDUCED VELOCITY TERM INTEGRAI5 

To obtain induced velocity components in Equation (5) the 
following form of integral term becomes necessary 

A = Fr(0 ft, 

when Fr(0 = ir , 

Ak = / ^ A| (7) 

a . .M z R^ » N/CX-O^ ♦ r ♦ (z-ck)     [-i < s < i, -t < c < t] 

In the above integration when (x-O^Yi (z-S) -♦ 0* "t^6 

Integrand reaches the highest peak and for the numerical computation, 
therefore, it Is better to divide Into two ranges at the peak since 
the coordinate ((,^) of the special point can easily be found; and 
otherwise, these could be analytically Integrated as shown In Appendix 
1. The vertical division by Chevyshev rule  is also shown In Appendix 2. 

k,    COEFFICIENTS FOR SINGUIARITIES DISTRIBUTION 

The boundary condition Equation (5) is rewritten as follows: 

t 1 

.ft   *    L.f L vx ax öy   z s: 5 d|dC = Unf, 
R 

-t -1 

Double integral in the above equation can be reduced to the sum of 
every layer's value. 

t 1 o  1 

-t -1 -t  -1  o     0   -1   0 

t 

N L 
E / Image ♦ £ / Body 

where N is the number of Chebyshev's 
depthwise division both in the body 
and the symmetrical image. 

-1117- 
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The simultaneous equations are finally resulted in as 

l (body) 1        (image) 

N 

t        3C      '    ZL 
o 

M       1 

•/■i 

[{fxx-y+(z^k)fj - txi] "Xdi ♦ f[{fxx-y+(z+|(:-|) 
0      f }-f I] 3 4|  (fore) 

  1      X X        R^ v 

S        o Itlv 

fj'jlll R^dl (aft.) 

(8) 

fore distrb. 

n 

aft. distrb. 

n 

\ -I \rS -k I Sri (9) 

r=o r=o 

The form of practical computation is like the following and here bar on a 
letter means notation for afterbody from midship that is ranged in | = 
-1 ~ 0,  and another bar on a suffix shows a corresponding value in the 
image. 

N n 

I [I ^ + Ckr) a. - Y ^ + Ckr) äv 

k=l    r=o 
'kr^ ttkr " ^kr T ukr^ akr 

r=o 

4nN 

'kr 

Ckr 

'kr 

Ckr 

Vkr " f/k(r+l) 

Vk? " fxATf(F5TT 

^kr + f/k(r+l) 

^icr + fxAk(r+l) 

h ■ fxx-y+(z^k)fz 

K ■ fxx-y*(^kkl)f2 

^ ) =>/(x+   |||)2
+y

2
+    " 

5. STREAM ON THE HULL SURFACE 

The velocity distribution on hull surface can be easily 
obtained as induced velocity components by the body placed in uniform 
infinite flow without free surface. 
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U0 knbyJJn i+n   J J  R3 

U0 knbzJJE 4«   J J D3 R5 

In the form of computation, 

N 

r"4[xI ^-^-l^+M-1 
k=l k=l 

T0'ä-* I(^-W 
k=l 

N 

ü:-^[
Z
I ^-3^-^(4-4)] 

0 k=l k=l 

Spk " Y, (Akr + %Kr 5Ak " I (\r + Skr ^r 
r«o r»o 

ii ii 

Sp-k =X (Ak(^l) + Ak(^T))akr SAk aI (^(r+l) * Ä^T^y )S 
r=o r=o 

ii 

SFk "  ^   Y. (Akr ' **!)*** SAk = ^k  X (*kr " Xkr)Skl 

r»o r=o 
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Thus obtained velocity (u^w) lies in the tangential plane 
to the surface y « f(x, z), namely 

(x,y,z) : (fx,-l,fz) - 0 

hence 

7 fx * ,7 ^ ■ ' (11) 

This relation is used as a verification of the calculation. 

The condition (k)  as a closed surface is also used for 
the check, but it should be added to the before mentioned simultaneous 
equation group, since the accuracy of the solution could not be ex- 
pected enough to satisfy the closed condition. 

t 1 

J    f  rndftdC - T ( j m - j m ) d^ 
-t -1 

N n 

II 
k=l n-o 

■fr (akr-5kr) " 0 (12) r+l 

6. NUMERICAL EVALUATION 

Induced Term Integral 

When the term (7) is calculated with three different methods 
for a surface point (0.9, 0.051, 0) of the model M-H on a stratum 
£, ■ .0102 6728 as an example with peaked integrand, the difference 
of results becomes as follows: 

Analytical solution    A10 » A10 «  696.6499  (  C ^t) 

Gauss 10 ordinates =  598.3921  (- I1* t) 

Simpson's 2nd rule » 1037.9155  (+ ^9 ^) 

As such peaked integrand always appears at g * x on any given stratum 
£ integral range can be divided into two, A and B, and thus the accur- 
acy of numerical integration comes in the restriction of calculation 
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0   ^=.01026? 

R0= >! .Ql2106k29       Rf = >/.012706429 

rule. The above evaluation in such a way becomes as follows: 

Gauss 10 Ordinates 

Simpson's 2nd rule 

A1n = A1n =    69U.5855      (- 0.53 i) *10  "10 

= 659.3567   (- 5.36 t) 

A numerical example of A.  for H-kh  is presented in Figure 1 for 
k = 1, 4, r = 0,1,2,3,5 with respect to z = 0 water line and z = 0.120 
(draft/half length of ship). 

From this diagram it is realized that the system of Equation 
(8) consists of one group of large A and another group of very small 
A at the fore and aft end of extremely narrow water line, and this 
fact suggests that care should be taken for the significant figures 
of every numeral, especially considering multiplication and subtraction. 

Evaluated Distribution 

This method is tried on two models, S-202 derived from the 
known distribution of 0.8^ and H-hk  whose fore body has approximate 
distribution of I.36 sin {ni/2)  and after body is conventionally 
practical. As an easy trail algebraic power series are assumed for 
the undetermined distribution (5). Figure 2 is a computed result 
about S-202 for two kinds of 9 surface points illustrated in the 
diagram, and Figure 3 is a result for 36 points on the surface of 
M-W*. A certain part of the result appears to be near the true 
phase and the other is unsatisfactory. An impudently smoothed mean 
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of these results might not be said untrue, but the reason remains 

to be closely examined and eliminated as well as possible. 

One of the possible reasons for the wavy fluctuation is 

expectedly in the way of mathematical approximation to a function 

for the discrete surface points with unavoidable errors. Another 

effective reason is the extraordinary change of the 'kernel* in 

the integral Equation (5); that is, the boundary condition on a 

surface point is greatly affected by the nearest source and hardly 

influenced even by a strong source in the far distance. For this 

reason it possibly results in an erroneous estimation to determine 

a part of source density mostly by the far away boundary condition, 

because large differences among Fr's very often reach magnitudes of 

three to five figures. This may be a possible explanation for the 

difference between Al and A3 in Figure 2 and the wide fluctuation 

on the after body in Figure 3, 

The first cause can be removed by means of mathematical 

treatment with least square or minimax approximation aid. the second 

may require a great number of calculation on a fine mesh of net 

covering surface and trial corrections.  These complete computation 

could be performed by a computer of large capacity and specially 

high speed which can solve system of equations for more than 100 

unknowns. 

7. CONCLUSION 

It is still possible to obtain rather reliable quantities 

on the same points as the boundary conditions are satisfied, which 

do not contain any higher differentials of the distribution than 

the condition (but may have integration' of it). For instance the 

velocity components on the surface is calculated for some points 

along the waterline z = 0 of S-202 as follows: 

x      .95       .6 0        m,k -.9 
u/U0 -0.6^01320 -I.167479 -1.212021 -1.170944 -O.6508o4o 
v/U0 0.0533882  0.0941225 0.000000 -O.O597086 -0.0460179 
w/u0 0.0000000  0.0000000 0.000000 0.000000 0.0000000 

The first purpose to simulate ship form with singularity 

could not succeed in giving an analytical concept about the relation 

between them. The further attempt, however, to utilize Chevyshev 
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polynomials for Equation (5) and to adopt more extensive conditions 
covering the ship surface appears to be promising,   though it may 
consume laborious effect of computers.    However hard it may be, 
theorecicc . developments should proceed to make hydrodynamics not 
only applied on the practice of ship design but also lead the tank 
test experiment for a possible close cooperation. 
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Appendix 1 

P(x./2) 

A*9 

A«» 

CW*- ^-- 3xa^^xA«- [R«-ftp 1 (K^;- tS 

^i{(x.ORM-x^|.p;(^-^)-|^^i^)] 

- [iC«-lft) - 2pcRM-R«)- |^t-£j] 

^ «1 [«HÜ = X6AM,- tx'A., -► i^x'Ara-aoxM« * i sxa/a,*- bxÖK. -»E^f^ ^jfl 

S»- )^k^.B- ^Ä^-^xW.-HSx^-iox^u-HSl^-txÄ«-» [Ü^-^l 

Aw - J.1 ^Vp? - xVW- VX^AM -»-21 x^Kl-iSrtintW^i ilA^'T^Ai 

Ar," )^VR?- x',^o-7xV^,i-i|X!A«-55x*Ski^^5X»A^-2|X^f-»'7xA» 
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APPENDIX 2 

CHEVTSHEV  ORDIMTES 

a 2 3 h 5 

t 

1 1 
2 2/5 

0.5 - 0.28867513 

1^1 
2      2/2 

0.5 - 0.35555339 

2   N 6 V2    J5 

0.5 - 0.5975272iv 

1 ./5  Wii 
2 V ^   i+ö 

0.5 - 0.41624874 

k 
t 

1       1 

0.5 + 0.28867513 

1 
2 

0.5 

1 l1  f1      !   > 
2 -\^(2 -J^ 

0.5   - 0,09579624 

1 J5_.>ZS 
2 \/ 48     48 

0.5 - 0.18727072 

t 

1 1 
2 + 2/2 

0.5 + 0.35355339 

1 
2 

0.5 

1      /l   ,1      1 
2W6  ^'Jj^ 
0.5 + O.O9379624 

t 0.5 + 0.59732724 

1+/i.. 4S 
2    \l h8     48 

0.5 + 0.18727072 

«2 
t 

2 *ih*W 
0.5 + 0.41624874 
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FISHING 3QAT OF ThE WAVELESS HULL FORM 

1.  Introducllon 

There would be found ^ome apparent differences as shown in 

Table 1 and Figure 1 in the proportion of speed, displacement and 

power to the ship length between fishing boats in Japan smaller than 

70 m. and average larger cargo liners. These statistical results 

since 1950 may be interpreted as there have been no other ways than 

increasing the power of the engine and any results of hydrodynamical 

efforts have not been considered to improve hull shape in preventing 

the expected speed loss resulting from the increase of ship-displacement 

by increasing 0^ to leave L unchanged on account of the ruled restriction 

for LED or GT. Consequently the effect of full Cb on the wave resistance 

must be necessity appear on the results of tank test in Figure 2 which 

has been conducted by the Fishing Boat Laboratory, Fisheries Agency, 

with the Japanese fishing boat models built for these ten years, Con- 

sidering that in Figure 1 most operating speed at sea comes between 

V/flg  = 0,25 and 0.35 it is evident in Figure 2 that most full ships 
have a peculiar tende :y to climb up the hump of the wave resistance 

and, that is, they ha/e to waste excess power of some extent which 

might be saved by a hydrodynamical improvement for the hull form. 

There may possibly be two methods of the improvement; viz. the one 

of reducing wave-resistance with a hull-shape transformation or of 

an escape from making wave by submerging under water or being dynamically 

lifted above; and the other of actively cancelling the formation of ship 

wave by a counteracting body specially designed on the 'wave.less-hull 

form1 theory. 

.(1) 
The facinating  theory has been established by Prof.   Inui 

(1960)^X'' based on his exact calculation of wavemaking resistance 
and careful analysis of the experiment,   and it has predicted possibility 
of the existence of a real  'wave less-hull form' .    For the bow wave and 
the  stern wave respectively Takahei'   ' and Kumano^)  (i960) have proved 
the precise coincidence between the  theory and the experiment conducted 
with two theoretically calculated models.    And in 1961 an actual sea 
test was undertaken by these  Investigators with 00 m    passenger boat. 
' Kurenai Maru"  and its wavej?sö aspect was successfully filmed from a 
helicopter.     In applying  this fundamental theorem,   however,   to practical 
fishing boat design not only some more details should be explored,  but 
the substantial difference should also be recognized from the existing 
design of bulbous bow.     The author points out in this paper an import- 
ant recognization that the bulb would not always become a means of 

-1131 
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TABLE 

RATIOS FOR GENFRAL BOATS 

passenger boat 
chemical tanker 
oil tanker 

do. 
cargo boat 
fish carrier 
oil tander 
ferry boat 
cargo boat 

do. 
oil tanker 

do. 

GT 
126 
146 
199 
290 
499 

1391 
2262 
4982 
9548 

1^302 
28972 
51109 

L/B 
4.17 
4.66 
5.59 
5.52 
5.70 
6.35 
6.44 
6.57 
7 41 
7-59 
6.99 
6.69 

rf/(0.1L): 

9-0 

13.1 
11.2 
11.4 
9.9 
7-7 
8 0 
M 
5.7 
5.9 
6,2 
6,4 

VV^Lg 
.362 
,252 
.278 
.268 
,270 
.250 
.187 
.203 
.235 
205 

.193 

.180 

HP/GT 
2 54 
0.82 
1.41 
1.38 
1.60 
1.12 
0.88 
0.67 
1.18 
0,84 
0.61 
0.51 

521 
.705 
.771 
740 

.722 
,687 
• 755 
.772 
699 

,730 
.809 
.809 

GT:    gross tonnage,    L Z:     ratio of 
placement of fully loaded  ship,    L = 
V*:    service speed,    HP: 
full-load condition. 

rated horse power, 

to molded breadth,     Vti    dis- 
length between perpendiculars. 

'b* blook coefficient for 
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Figure 1.    In the ratios of L/B,  C ,  r/Co.lL)"5:   •  fisheries Inspection 

boat, bonlto-tuni long line boat,   4   trawler,   A the other 
fishing boats:    in the ratios of   V/^Ig, HP/GT:    • fisheries 
inspection boat,   O  the other fishing boats,    V: trial ^peed. 
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reducing the wave-making resistance of any kind of ships, but only 

when combined with a specific form of hull which should be designed 

on an entirely new stand-point it will work as an effective wave 

eraser at an intended speed. 

The present paper gives first exemplified experiments with 

models of existing fishing boats either on the usual bulbous bow 

design or on the "waveless theory" and shows the former a chance 

example of increasing resistance ari the latter In somewhat effective 

but Incomplete waveless condition. A close analysis of the waves 

generated from every part of the existing hull proves the situation 

resulted from unfavorable wave component for the counteraction. The 

author contributed to give some Information of potential use to 

practical design on thorough investigations about the wave counter- 

action with a mathematical model, the dimensions of which are quite 

similar to the average fishing boat, and presented another favorable 

test results for a practical waveless trawler model of new fashion 

by making the best possible use of these results. 

2.  Bulb for Existing Boats 

Generally the ship waves are composed of the local disturbances 

at bow and stern, and the free waves discharged behind the ship. The 

former is quite free from the wave resistance since they are longitudi- 

nally symmetrical in ideal fluid, but the latter has much the most 

complicated effect on It. The elevation of the free waves T  of ships 

for practical use Is expressed in general form us: 

*/2 

^ws ~ E / Ai V^T , © sin(V,x + 61,y,ö)dÖ (1) 

In case that the ship is possibly represented by an equivalent source 
distribution m, £, (;,   the above amplitude function Aj_ In (l) may become 

A      _    g secQ 1 ' l^- exp^ (,sec2»)  f m^i, 0 <U<U (2) 

Similarly the free wave elevation of the bulb may be expressed as 
follows: 
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*/* 

tw^ f    B^M^^) sin(V,x ♦ €,y,0) dö 
-«/2 

(3) 

The wave amplitude function of counteracted wave C and the transfer 
of the resultant profile 5 are consequently obtained as 

C2 • [E (A1cos5
,
i) ■•- B COSE']2 + [Z (A-tiaft*) + B sine']2   ^ 

6' = tan"1 [{£ (A^inft^) + B sInc'j/lZCAiCosö'i) + B cose'}] ^ 

5« - (V,5,Ö)    e' = (Y,€,0) {k) 

where V denotes ship speed; n^ and M: strength of equivalent source 

and doublet; Ti and f: draft and depth of m^  and M; (x,y,ö)- coordinate 

of a considering point In the fluid surface and direction from m^ or M; 

Aj^ and B: tariplltude function of ship waves and bulb. Then the resulting 

wave resistance, therefore, will be represented by 

ic/2 

Rw ■ *t>T C cos5Öde (5) 

When the stem wave can be put aside, the condition necessary for the 

least wave resistance Is obviously C -» mln., and this will be realized 

when 

B - -A-^ov,   ^bow = e 

lexcept bow & stern ~* 

(6) 

The composition of the summation Z In (l) or the component 

amplitude Ai In (2) has much Important Influence OA  the effectiveness 

of waveless counteraction as shown explicit In the following experi- 

ments (a) rid (b), and It entirely depends upon the shape of ship's 

lines - no-«, only the coefficients, Cp, C^, Cw, but also the form of 

waterllnes and bow-buttock lines, even If the case of having the same 

coefficients, 

(a) Ineffective Example: A bulbous bow model, M-575BB. 

Table II and III, of usual design heretofore In use was prepared by 

means of being transformed from the ordinary model, M-575> by shift- 

ing 10^ of the original ship's volume to the bulb Inside the stem to 

keep the displacement unchanged, which has low prismatic coefficient, 

0.575 and gives excellently low resistance between V| vlg = 0.25 and 
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Table II:   particular« of the models 

model of existing small trawler mod 
1 waveless 

el of 
European Japanese hull' form 

M-575 M-675 M-41 M~42 M-43 M-44 

1* (m) 2.000 2.000 1.963 1.963 2.000 2.000 
B mid (m) 0.544 0.502 0.388 0.424 0.410 0.410 
T fore (m) 0.160 0.145 0.142 0.155 0.100 0.100 
T", (m) 0.200 0.185 0.168 0.183 0.267 0.240 
BIL 0.272 0.251 0.198 0.215 0.205 0.206 
Tfll 0.0800 0.0725 0.0724 0.0790 0.0500 0.0500 
TmIL 0.1000 0.0825 0.0856 0.0932 0.1335 0.1200 
T (mJ) 0.09920 0.09920 0.07663 0.07663 0.10867 0.10773 
S (m«) 1.2364 1.1904 1.0806 1.1466 1.1337 1.3150 
A (m») 0.0863 0.0735 0.0603 0.0697 0.0841 0.0818 
r/co.iD» 12.40 12.40 10.13 10.13 13.58 13.47 
AILT, 0.270 0.253 0.216 0.229 0.421 0.409 

L: length, B: breadth.  T: draft, f: volume-displacement, S: wetted surface area. A: 
midship section area. 

Table III:   particulars of the bulb« 

jrdn»)        JSdn«) AtIAt 

BB (M-575) 
BB (M-675) 
BB (M-41) 
BB (M-42) 

BB1 (M-43) 

BB2( do. ) 
BB3( do. ) 
BB (M-44) 

0 
0.00393 
0.00307 
0.00228 
0.00485« 

0.01207 
0.00452 
0.00275 
0.00736 

0.0044 
0.0905 
0.1007 
0.0596 
0.0994- 

0.2443 
0.1181 
0.0936 
0.1609 

0.100 
0.209| 
0.2904 
0.122 

0.3738 

0.269, 
0 193; 
0.171, 

eolL 

0.020 
0.035 
0.038 
0.025 

0.050 

0.042, 
0.036 
0.037 

b/L 

-0.025 
0.015 
0.038 
0.023, 
0.010« 

0.1251 
0.042, 
0.036 
0.037, 

f/L 

0.068 
0.044, 
0.047, 
0.052 
0.060« 

0.128 
0.078 
0.076 
0.082, 

BB: bow bulb. Jf: volume of bulb. JS: surface area cf bulb. A>: max. sectional area 
of bulb. A*: midship area, a,: radius of estimated bulb sphere, b: distance of bulb center 
from FP, (forward: possitive). /: immer«ion of bulb center. L: length between per* 
pendiculars. 

I 
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0.50 according to the comparative resistance test programmed by 

Traung(1+) (1957), FAO, UN, and carried out by the author(5) (1958). 

Contrary to the initial anticipation of reducing resistance the 

towing test with the model showed a noticeable increase, for instance 

shown in Figure }.    By an analysis of shipside profiles of the result- 
ant wave like an example in Figure ^, it Is clearly realized that the 

fact was introduced by wrong counteraction between the bow wave and 

the relatively mislocated bulb. Besides this model a large extruded 

bulb was fitted for a comparison outside the stem of M-575 and M-i+2 

Table II and III keeping their draft as same as the original, both 

of which are much the finer models - Cp of the latter is likewise 

O.58O - than the ordinarily built ships nowadays and showed good 

results in towing and also in self-propelled test as mentioned before. 

The towing results in Figure 3, however, are not so appreciable as 

expected. Such ineffectiveness as those must be brought by some 
influential wave components of parasitic sources distributed in both 

hulls which have been modified forced to have quite low prismatic. 

(b) Incomplete Example: For the study of further effect on 

existing fishing boats of full fore- and aft-body, M-675 and M-kl,  Table 
II and III, whose Cp are 0.675 and 0.633 are submitted to the test 
coupled with a phase-adjusted bulb after the shipside wave examined. 

The test result in Figure 3 indicates a preferable reduction at 

V| vlg = 0.30 ~ O.35 and that may be resulted in on account of the 

cancellation of the bow wave which represents the major component of 

the whole wave generated by the rather simple-formed hull. The more 

carefully, however,, the water surface is observed, still the more 

unoverlookable waves could oe  found remain and not partially cancelled 
waves are left.  This phenomenon nny  be comprehended to depend upon 
its incomplete waveless form of IT n hull. 

The facts, (a) and (b); instruct us nothing but the importance 

of the development for a peculiar hull not having parasitic sources and 

of the investigation of the effect of bulb location. 

5. The Effect of Bulb 

A comprehensible frame-work for the effect of bulb on the 

resultant wave resistance could be given by the following ratio of 

amplitude function, 

(f)2 ■ (1 -f)2 + 2[1 - cos (K0b sec©)] | (7) 
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MEASURED   WAVE   PROFILE AT »U.«IO 
C CALCULATED FOR m,= l3G5inf (l-ffl / fS 

Fig.   4. 

Fig.   6. 



 IMi \i\mm\ 

-1140- 

where b means the distance between each location of the wave source 

for A and B. The effect of bulb size and locations will be analogized 

by the illustration of Figure 5 in the form of parameters, {e.J'Ly/^, 
f/L, cos(K0b), when 0=0 for the simplification, where K0 = g/V

2, and 

a0 means the radius of the spherical bulb. The truer resistance may- 

be expressed by superposing on these curves the other effects of Ö, 

fundamental terms of the other compoxient waves and one another's inter- 

fering terms which should disappear right at the complete waveless 

points generally found at certain two Froude numbers. From the above 

illustration it would be understood that the complete waveless state 

could be realized only when b = 0 and in the incomplete counteraction 

there might be even a case of resistance increasing. 

These calculated aspects are precisely proved in Figures 6, 

7, and 8 by the experiments with a mathematical model M-U5 whose lines 

are obtained along the streamlines of flow produced by the distributed 

source and sink V'raU, (;) as follows in the uniform stream V without 

free surface: 

■(1,0 ■ m1(|) 

^(0 

a sin(:^/2); ^  = I.56 

1; t = 0.05        (8) 

and the dimension of M-^O is given in Tables II and III.  In the above 

experiment the wave resistances are deduced by reducing the form drag 

from the resultant according to the Hughes method assuming the form 

factor k = 0.60 all alike; because of the indeterminate phase of the 

total resistance at low speed on account of the interaction. The 

turbulence of the model surface is stimulated by a row of plate studs 

placed on the station of 9»5 and the turbulent separation is maintained 

by stimulators of the same kind arranged on the -mlb at B.^2  abaft the 

front end. 

The calculation of the free wave produced by the source 

distribution (8) shows that the bow and stern waves should be created 

exactly at FP. and AP. In reality, however, the distribution for 

M-^J near the water surface should be modified in the approximation 

of second order at best to satisfy the condition of ship surface 

especially under the perturbation of free wave, and in consequence 

the generating point of bow or stem wave may possibly be shifted 

by the modification as far as the following distance afore FP. or 

abaft AP. assuming Fn-0 when n > 6: 
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Fig.   7. 
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7 ^ rrUB"1 (- iW KoL ■ ^ 
K0L 

(9) 

where b = shift of the wave profile, ^ = elevation of the wave surface. 
Such tendency as above mentioned Li also confirmed by the experiment, 
in which the center of bulb comes to project as far as 5^ of L fron 
FP. at a waveless point, VJ NTI^ ■ 0.270. 

The size of the bulb should be decided both by the amplitude 
function of the main hull and of the bulb in (3), where the latter 
could be practically replaced by a doublet, especially in spherical 
bulb. For the model M-^O with U-frf-me line 

A 
L 

al ,, ,   [1 - exp('-K0T sec2©)]sec2© 
^ - K0L - 

U        « (K0L secw)2 - vT2 

and samely for the V-frame model,   nigU) ■ 1 -   £/t 

L K0T sec2©  - 1 + exp(-K0T sec2©) A 

L 
ai 

(K-L sec©)2 - n2 

(10) 

These could be generalized in the following form applying the Michell's 
assumption for thin ships - 

oy     dy 
u -*- =  W v 

dx dz 
0, v = -v a 

bz 

to the fore end of tne model a, -^ 2a, where V'm means flow volume per 
unit time and area; a half angle at the entrance of water-line; 
(u,v>w) a flow velocity; (x, y^z) a point on the surface of ship; 
V the ship speed; F = V/Jig  = 1/>/K0L: 

A/L % {2a/*)      (F,T/L, ©) (11) 

And the amplitude function of a spheric \1 bulb,   the draft of whose 
center is    ^ =   -f, 

fi ^ . 2{toy  (K L)2
3ec4© exp(-Küf sec2©) 

Li LI 

(12) 

\_ .■ ■«> '    ■■« 
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in general 

-- ij*)3 (Bi*>*/u*) (13) 

Since at complete waveless point B/A = 1 and b = 0 in (7). 

B   (ap/Ljf m     2{F,T/L,Q) 
*   2a/n     (ß(F,f/L,e) 

(1^) 

Figure 9 is the example of B#/jt for M-43 of U-frame, to which (10) and 
(12) are applicable. From the illustration at F = 0.275, f/L = 0.100 

a^L = Va^B*/« = 0.05  for 201^^=  I.56 

and this coincides with the experiment. 

h,    Wavelss Trawler Model for Practical Use 

Through the foregoing investigation it would be recognized 
that the effectiveness of the bulb at a designed speed depends upon 
the lines of the main hull having no parasitic wave except the bow 
and stem (paragraph 2) and upon the size and location of the bulb 
relative to the bow or stern wave (paragraph 3). Under these consider- 
ations a practical trawler model, M-MBB, was derived after some comple- 
mentary exploring with M-i+3 about an effect of flat bottom and of finer 
entrance etc. The fore-body of M-^A in Figure 10 is almost the same as 
M-^O except a slightly flat bottom and a little finer entrance, and the 
aft-body is lifted flat upwards to have satisfactory reserve buoyancy 
for trawling and to avoid tLe separation of flow. The point a full 
deliberation should be placed on is that these transformation for 
practical boat has to be be tried to maintain the characteristics of 
the bow wave of M-U5 as well as possible which is effectively able to 
be cancelled with a bow-bulb and not to increase the stem and the 
other parasitic waves. As shown by the result in Figure 11, M-^BB 
would possibly be regarded as a fairly successful paractical model of 
waveless hull form counting on its considerable reduction of resistance. 
If allowed to hope for more, the biü.b should be made somewhat larger to 
meet a little higher waveless speed and located a little forward to 
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complete waveless effect If not work against practical maneuvering 
operation,  or,   otherwise,   a more hollow fore-body should be investi- 
gated. 

Propalsive factors are compared between the self-propulsion 
tests with 2-m. model of M-1^ and M-^BB fitted with the stock pro- 
peller of 0.145 m.   in diameter and O.O87 m.  in pitch.    According to 
the result in Table IV    10^ gain in hull efficiency at V/vTlg » 0.50 
is brought about by 7^ increase of wake which may be resulted in on 
account of the diminution of negative wave wake. 

A comparative wave test with the same models having 0.25L 
radius of gyration ere carried out in the wave of 1,5L long and L/40 
high and the period of free pitching is 1.17 sec.  for M-1^ and 1.27 
sec,  for MA4BB.    The gain of 12.5^ in the thrust deduction for 
M-^BB may come from a reduction of motion by the restricting effect 
of bulb as shown later in Figure 12.    The cause of much the same PC 
for both models contrary to the considerable difference in hull 
efficiency lies in the fall of relative rotative efficiency for 
M-^BB which is inflicted by an increase of relative motion between 
wave and the model as a result of the restricting effect by the bulb. 

The motion among waves is considerably holded by the bulb 
as recorded in Figure 12 and Figure 13.    The pitching amplitude is 
reduced to half of the model without the bulb and the heaving 
amplitude is improved to 80^ of that.    By the action of the bulb 
the phase of pitching proceeds about $0 deg. ahead of the heaving 
that gives a visual impression of favorable control over the bow 
motion. 

5.    Conclusion 

The most important conclusions drawn from the preceding 
investigation may be summarized as follows: 

(1) The main hull should be a waveless hull form having 
no parasitic waves.    If not attainable practically,   the lines should 
be made as simple and natural as possible. 

(2) The location of bulb has a priority order of selection 
for the waveless effect. 
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(5) The size of bulb depends on the waveless speed but 
it should not introduce an increase of the form drag. 

(h) The effect of bulb on propulsion is more favorable 
than expected. 

(5) The performance among waves may also be much improved, 

(6) The foregoing results may give hopeful suggestions 
except fears for maneuvering, anchoring and some operations, but 
there is a promising practicability if hollow waveless lines are 
cultivated to bring back the bulb towards FP. 
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DISCUSSIONS 

by Lawrence Ward 

I think we need a new definition of length when dealing with 
extreme bulb forms and propose ein  "underwaterline"  length    Ly^Xj   as 

follows: 

This I believe would be more fair when comparing bulb forms to 
non-bulb forms. 

by Dr. Gadd 

I would like to ask Mr. Yokomama if he is convinced that the 
use of large bulbs is the best way of achieving low resistance. 

At the National Physical Laboratory, Mr. Doust has performed 
a statistical analysis of trawler model-test results, in terms of geome- 
trical characteristics such as angle of entrance, block coefficient ets. 
He is able to select optimum combinations of these parameters to meet 
any specified design limitations and yet to give least resistance. His 
best forms having the same major shape characteristics as Mr. Yokoyama's 
have much lower wave resistances, though they have no Bulbs at all. 
This raises the whole question as to how valuable wave theory in its pre- 
sent form may be for design, as compared with more empirical approaches, 
and I would welcome Mr. Yokoyama's comments on this. 
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AIJTHOP'S REPLY 

As a theoretical result a special definition of length may  not 
be  necessary  for the  ship with a bulb however extremely protruded  frorr   .he 
fore perpendicular,  because the size and position of a bulb  should b^. 
determined with the wave produced by tne hull without the bulb,  wnose 
Froude number is based on the normal water-line  lengtn.    Exactly speak- 
ing,   however,  the effective generating point   of usual hull-wave  :s placed 
a little forward from ■••he  real bow end on account of the perturbation 
effect of the free surface or  some other effects,    A strict definition, 
therefore, may be that  the   (effective)   length  should be the distance  from 
the  (effective)  center of the bcw-bulb to that of the stern-bulb which  is 
also usually a little  afterward  from the waterllre-end even if without 
stern-bulb,  and all the existing surface ship without bulb can not be tne 
exception of such definition.     Practically there may,  therefore,  be no 
need  for the new definition for the wave-resistance,  but  the proposed 
length may possibly be worth for maneuvering,   Icngit'idinal motion or 
construction,. 

  ' /..,;■:.■./    , ,  . . .,//.. J ....; w .  . / / 

- l^p   effective 
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The use of bulb with a waveless hull could be one attempt for 
achieving low resistance at a fixed speed,  and the size of bulb,   large 
or small, depends only upon the amplitude of the hull-wave resulted from 
a hull-shape and a designed speed, but it may not be tne best way  upto 
now.     If there could exist an  'ideal'   ship,   she might be resistanceless 
at any speed and must have an excellent performance in any weather condi- 
tion.    Mathematical,   intuitive and empirical  -- all researches must natu- 
rally be on the way to such an  'ideal'   ship.     Mathematically the hull of the 
minimum resistance "ould be pursued by means of variational calculus.    The 
waveless theory may be intuitionally developed on the idea of the  cancel- 
lation of a hull-wave with a bulb-wave.    And empirical efforts have been 
made to exploit an ideal form since the Taylor's series.    These general 
aspects may be predictable from Bessho's mathematical analysis about the 
minimum resistance, whose identical solution seems not generally to exist 
except under some restricted conditions. 

On the other hand for the ship design there are many practical 
requests for the ship form not only on the point of wave resistance, but 
also of the other ship performances,  and many combined effects must be 
harmonized on the superior design.    It should be,  therefore, noticed that 
Doust's analysis can statistically reveal every effect of the practical 
factors on the model resistance,  and  it will much contribute to the pur- 
suit of the minimum resistance, when it could give  some possible  sugges- 
tions about influential factors on the variational method or the  intuitive 
attempt.    Generally speaking,  three ways of the pursuit -- mathematical, 
intuitive and empirical -- should be parallelly proceeded or those  limit 
of the application should be clarified in order to realize the   'ideal' 
ship. 

For the waveless design, there must be many possible combinations, 
-- e.g.  a large bulb and a ship of rather high wave  (at a high speed),  a 
small bulb and a special low-wave-hull, bulb less hull,  or special deriva- 
tion based on the Yim's zero wave theory.     The models,  M-45 and M-U4,  are 
a kind of the waveless attempt for a fishing boat requested for a wider 
deck and a heavy displacement for ship length,  and their hulls which are 
obtained from a co-sinusoidal source distribution,  produce rather high waves 
easily cancelled by a large-bulb-wave at a high Froude number.    The approxi- 
mately waveless des ^n can be an attempt to realize an ideal condition at a 
fixed speed, but it may not be so ideal that there might be unfaborable 
defects on the other speed range or on the other performance for the 
practice.    The Bessho's analysis suggests there can exist many shapes which 
have the same wave resistance and it is so hopefull that more faborable 
hulls of the lowest resistance could be discovered theoretically or empiri- 
cally.     The Doust's analysis is,  therefore,  very helpfull for the  less-wave 
design,  especially bulbless or with a small bulb,  and its result may be 
waited for with full expectation among the theoretical group. 
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A HIGH-SPEED CARGO LINER DESIGN 

BASED UPON THE "WITH-BULB" WAVEIESS CONCEPT 

INTRODUCTION 

The work to be reported here is not a theoretical one but an 

application example of already established "with-bulb" waveless concept, 

so the authors would at first like to mention the circumstances and 

necessity which lead them to the application of "with-bulb" waveless 

concept for high-speed cargo liner designs. 

Referring to the situations which surrounded the Japanese 

shipyards a few years ago, most of the shipyards suffered from excessive 

competitions to get work in hands among themselves or against overseas 

shipyards, as a results of which they had to make more effort than 

before to design any better ship fron economical point of view. A part 

of the effort has naturally been directed to find out a hull form of 

better performance, but the only tool for that object was conventional 

model series tests, from accumulation of which shipyard engineers could 

manage to pick up the optimum hull form under given design requirements. 

However, the tool had its own deficiencies as have been at times pointed 

out by Professor Inui, the largest of vhich was that there was no lead- 

ing theory connecting hull forms and their experimental results, and 

the engineers had to connect them by imaginations. 

The authors' company had also accumulated a large amount of 

model test results and had some kinds of optimum hull forms of good 

propulsive performance, and there seem 3d to be left little possibility 

of improving those optimum hull forms by further accumulation of con- 

ventional model test results.  The need to seek for better hull forms 

(especially of high-speed cargo liners) were getting more serious to 

the contrary.  (Refer to N. P. on page h.) 

Looking at naval architectural field in our country and 

abroad, many excellent papers dealing with ship's propulsive perform- 

ance had been published by that time, but they were only too theoreti- 

cal, suggesting little for shipyard engineers in general how to apply 

the theory for practical ship designs with satisfactory results. 

Apart from these naval architectural circumstances in general, 

important and basic frameworks of "with-bulb" waveless forms had been 
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constructed in Japan, mainly by the staffs of the Experimental Tank 
of the University of Tokyo,  with many series of model tests which 
brought about fruitful results   (for example,  Reference 1)    for the 
researchers in general,  enough to confirm the validity of the funda- 
mental theory used.    However,  most of those models were purely of 
theoretical forms,  or slightly modified ones at most,   and there 
remained a small gap to be bridged over to adapt "with-bulb" waveless 
forms to actual ship designs. 

Considering these situations stated above,   the authors started 
last year to apply the "with-bulb" waveless form theory to the design 
of a sort of high-speed cargo liners,  while examining problems in all 
phases inherent in the large bulbous bow ships.    These types of ships 
seemed to be advantageous to adopt the hull forms mentioned above by 
reason that they had to sail usually at rather high speed as commercial 
vessels,   and thet their hull forms were necessarily fine enough not to 
make shoulder waves which disturb full application of the theory.    On 
applying these hull forms to actual ships,  many problems had to be 
investigated and settled,  numely general arrangement,   outfitting of 
fore body,   strength and construction of bulb part together with its 
connection to main hull,   ship's manoeuvrability,  propulsive performance 
in waves,   etc.    In this initial development work,   stress was laid on 
acquiring better resistance and propulsion characteristics  in still 
water and examining rough water performance,  but other items mentioned 
above were also studied to be  integrate]  into actual ship designs. 
Some optimum designs being obtained under ziven aesign conditions and 
with above-mentioned problems  settled,   they were model tested of their 
propulsive performances and the  results were analyzed. 

The authors will briefly report a part of our development 
work, mainly concerning the initial design of hull forms and model 
tests results. 

An example of the efforts made during these  thirty 
years  is shown in Figure 12.    A sudden Jump of the 
admiralty coefficient  (Cadin) which has taken place 
from 1962 Ship "A"  to 1965 Ships "B" and "C"   is 
remarkable.    The authors feel honored that their 
efforts as well as the valuable basic researches 
exerted at The University of Tokyo Experimental Tank 
has motivated this epoch-making technical revolution. 
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1. HULL FORM DESIGN 

1.1 Design Conditions and Requirements 

Full load was chosen as designed loading condition. Basic 
requirements imposed on the authors' designs at this load were as 
follows. 

Displacement = about 17^800 ton 

Mt. of inertia of 
waterplane I = about 63,200 m * 

draft moulded        d ^ 9.00 m 

designed speed = about 20 knots (Fn = 0.2673 or 
Kol = Ik) 

Note: -»Corresponds to CM = 0 at full load arrival condition. 

1.2 Main Hull Form Design 

On this stage it is first necessary to find out source distri- 
butions corresponding to hull forms in compliance with design require- 
ments. For instance the first ship was determined to be 1^5 m in 
length between perpendiculars, 21,k  m in breadth moulded (or Bm/Lpp = 
0.1^76) - breadth being considerably dependent on Lpp and I-, and 9 m 
in draft. Then the problem reduces to deciding the form of source 
distribution function and its constants either by trial and error 
method or interpolating the coefficients using definite integrations 
of some sort of source distribution moment functions and end value of 
source distribution. The chosen source distribution should have proper 
characteristics (as for weighed amplitude functions, or phase shift 
functions, or midship wave generation), and of course be less wave- 
making itself. 

Source distribution function adopted was of uniform source 
strength draftwise over the distributed range, and was to be expressed 
as follows: 
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-1156- 

/   .x        -    2-l<£<0 
mil,  C) - »nft ♦ M (  "    ) 1      d 0 < | < 1 

(1) 

T/L =0.04 -T/L < ^ < 0 

The coordinate system ({, t,)  may be interpreted as ^ for 
longitudinal direction (+ sign forward) and ^ for vertical direction 
(+ sign upward), with their origin at the middle point of assumed 
theoretical hull form length, on the center line of load waterplane. 
Both i  and ^ are made dimensionless through dividing actual length 
by 1 = L/2 (half of theoretical hull form length). T is the depth 
of source distribution below load waterline. 

The next steps are to calculate the corresponding hull forms 
by stream-line integration, then to cut the curved, calculated bottom 
at the depth corresponding to designed draft with proper fairing 
around bilge part, and thus to obtain "practical" fore half body. 
Finally a conventional aft body having good propulsive characteristics 
is to be connected to the fore half body, again followed by due fair- 
ing about the connected section to get final main hull form which meets 
displacement requirement, and also longitudinal center of buoyancy 
requirement if possible. 

Through the process described above, the authors got three 
main hulls, namely the first ship (2.5 m model named M. No. 196), the 
second ship (do. M. No. 198), and the third ship (do. M. No. 205). 
Their particulars are listed in Table 1, and their load waterline 
curves with corresponding source distribution patterns are shown in 
Figure 1. 

Referring to the features of these main hull forms, the first 
ship was rather restricted in length and beam.  To satisfy stability 
(l) requirement under those particulars full waterplane form had to 
be adopted, which resulted in a parallel part of about 15^ Lpp in aft 
body.  The adoption of parallel part seems to have caused disturbing 
aft shoulder waves which directly relate to wave-making resistance 
increase as explained later. 

Breadth of the second ship was, taking the result of the 
first ship into consideration, increased a little enough to have 
sufficient moment of inertia of waterplane without parallel part which 
might cause aft shoulder waves. Both two ships had their centers of 
buoyancy fairly fore compared with the conventional hull f^rm of the 
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same type, due to bulb and U-form theoretical framelines of fore half 
body, hence their general arrangements had to be changed to semi-aft 

bridge type. 

The third ship was designed with particulars less different 

from,  conventional ones, namely with Lpp = 150 m and Bm = 22.5 m. At 

the same time caution has been payed as much as possible to improve 

deficiencies of the former designs that optimum bulbs to those hull 

forms were rather large, that waves due to cutting off the bottom 

together with waves from source discontinuities at midship might affect 

resistance characteristics and that centers of buoyancy were apt to 

shift forward. As for aft half body, features of the second ship hull 

form were reserved to the utmost with its length kept unchanged, hence 

the maximum section of the whole hull form came a little abaft the 

middle of it. Additionally, modifications of theoretical framelines 

about bilge part were carefully dealt with, to make minimum and gradual 

deviations inside the theoretical framelines. Better results were 

fortunately obtained as shown later. 

1.5 Bow Bulb Design 

As there seem to be so much variations of loading conditions 

with cargo liners under discussions, it is a natural need to restrict 

bulb size within allowable limit. Also, from outfitting and maneuvr- 
ing point of view projection of bulb should generally be as little as 

possible. The investigations of available data on the assumed route 

of the designed ships indicated that the lower limit of displacement 

at sea might sufficiently be designated by 75^ full displacement, and 

the limitation on size and immersion of bulbs not to stir water surface 

heavily were determined based on this loading condition. Design points 

of bulbs were decided at full load condition and Fn = 0.2675 (or KoL = lh), 
the same as those of main hull. Various series of bulbs were designed, 

calculated of their characteristics and tested, and finally chosen 

"optimum" bulbs in all respects are listed in Table 2. 

Weighed amplitude functions for those bulbs together with 

those for main hulls are shown in Figure 2. 

On connecting bulbs to main hull, care has been taken not to 

make excessive deformations of original shapes through fairing process, 

and not to Ignore necessary modifications to prevent from unwanted 

separations of flow behind bulb on the other hand. 
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TABIE 2 

PARTICUIARS OF BULBS 

MODEL M . No. 196 M . No. 198 M . No. 205 

Bulb B-3 A-2 H-4 

a/L in % 2.5 2.k 2.0 

f/d in f 7^.0 65.O 57.0 

h/L in ^ -0.5 -1.0 -1.0 

Note: a = radius of bulb 

f = immersion of bulb center below 
load waterline 

d = draft moulded 

h = projection of bulb center from 
fore end of model 

L = 2i 

i = length of theoretical half body 
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Figure 2a. Cbaracterlstlcs of Source Distribution and Bulb at Fn ■ O.267. 
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Figure 2b.    Velcrhed Aaplitude Funct4- 
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2. TEST  CONDITIONS AND METHOD OF ANALYSIS 

The resistance tests of 2.5 m models were carried out at the 

Experimental Tank of the University of Tokyo. The large-scale resist- 
ance and self-propulsion tests with 6 m models were carried out at 

Mejiro No. 1 lank of Ship Research Institute. 

Table 5. 
Loading conditions at which models were tested are shown in 

Turbulence stimulations were as follows. 

2.5 m model (without bilge keel) 

Main Hull (without bulb): 

one row studs at station No. 9 l/2. 

With-Bulb: 

one row studs at a quarter of diameter of 

bulb from the fore end of bulb. 

6 m model (with bilge keel of about Lpp/3 in length) 

one row studs at station No. 9 l/2. 

Particulars of propeller used at self-propulsion test are as 

in Table k. shown in Table k. 

Experimental results were analyzed in the following way.  The 

wave-making resistance coefficient "Cw" of 2.5 m model was obtained using 

Hughes' friction line, the form factor K being estimated by measuring 

the resistance of main hull (without bulb) fonn at low speed.  This K 
value was used for the analysis of with-bulb form, too. 

Ct = Rt/i p V2L2wl 

Cfo = 0.066/(log Rn-2.03)2 x S/L2wl        (2) 

Of (1 + K) x Cfo 

Cw = Ct-Cf 

•1162- 
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TABLE 5 

KIND (. lESTS CARRIED OUT 

MODEL M. No. 196 M. No. 198 M. No. 205 

Kind of Test Loading 
Condition 

2.5 m 
Model 

6 m  2.5 m 
Model jModel 

6 m 
Model 

2.5 m 
Model 

6 m 
Model 

Resistance 
Full Load ' * 
95^ V f    * 

75^ " 

« 

* * 

*• 

* 

• 

* 

• 

• 

* 

Self-        Full Load 
Propulsion  j 95^ V f 

75^ " 

• 

1  

* 

• 

* 

*• 

Note:  1. V f denotes displacement at full load condition. 

2.  In case of M. No. 196 and M. No. 205, tests of 6 m 
main hull (without bulb) forms were omitted. 

5. All the tests in this paper were carried out with 
0^ trim. 

U. »Denotes the experiment carried out. 

5. As for Model "A", both Resistance and Self-Propulsion 
Tests were carried out with 6 m models, at loading 
conditions of Full, 76.8^ Full, 505t Full, and 20^ 
Full Load. 
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TABIi: k 

PARTICUIARS OF PROPELIER USED AT 
SEIF-PROPUISION TEST (6 m MODEL) 

Diameter 0.250 m 
(0.250) 

Max. Blade- 
Width Ratio 

0.311 
(0.226) 

Pitch Ratio 0.800 
(0.800) 

Mean Blade- 
Width Ratio 

0.263 
(0.192) 

Exp. A. Ratio 0.550 
(0.500) 

Angle of Rake io0oo 
(io0oo) 

Boss Ratio 0.l80 
(O.I80) 

Section Aerofoil 

( "  ) 

Blade-Thick. 
Ratio 

0.050 
(0.050) 

Number of 
Blades 

1» 

(5) 

Note: Numerals in the parentheses are of the pro- 
peller used for Model "A". 
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where 

Ct = total resistance coefficient 

Cfo = Hughes' friction line at K = 0 

Cf = frictional resistance coefficient 

^Rt = total resistance 

p  = density of water 

v  = speed 

Rn = Reynold's number 

s  = wetted surface area 

Lwl = load waterline length at full load condition. 

As concerns 6 m models, Froude's formula was used for the 
calculation of both residual resistance coefficients and friction 
correction at self-propulsion^ test. However, the wave-making resist- 
ance coefficient Cw was also calculated using the same method as for 
2.5 m models. The analysis of propulsive performance was based on 
thrust. 

At the time of resistance tests of 2.5 m models at full load 
condition, the wave profiles were photographed at the appointed speeds, 

Additionally, apart from wave profiles, wave patterns were 
photographed in 55 nun stereo-slides and large-size stereographs at the 
following speeds, namely, Fn = 0.256, 0.250, 0,261,  and O.289. 
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5. EXPERIMENTAL RESULTS IN STILL WATER 

5.1 Observation of Wave Profiles 

Referring to Figures 3a to 3d, the authors will first discuss 
the difference among three main hull forms, M. No. 196, M. No. 198, 
and M. No. 205. 

M. No. 196 produced large aft shoulaer waves at full load 
condition becauL^ of Its parallel part In aft body. M. Ho,  19Ö, 
though without a parallel part, produced then, a little. The reason 
why they produced aft shoulder waves may be attributed t. he effect 
of dlscontlnvltles of derivatives at mldsMps In source distribution 
functions ana the flattened bottoms. And bow wave of M. No. 198 
was higher than that of M. No. 196, because the latter source strength 
must be Increased to get higher beam/length ratio with constant mo, 
the fore end strength of source distribution. 

The waves of M. No. 205 were simpler and lower than those of 
the formers, and It seemed that Its aft shoulder waves were hardly 
recognized. 

In case of wlth-bulb forms, the above-mentioned relative 
phenomena were again noticed for three models. The cancelling effect 
of bulbs on bow waves Is observed sufficient. 

3.2 Observation of Wave Patterns by Stereographs 

(Relating Figures are Figures ^a to kd) 

The above-mentioned phenomena, namely the generation of aft 
shoulder waves and bulbs1 cancelling effect, etc., were more clearly 
seen through the observation of wave patterns by stereographs. 

As concerns nein hull forms, the appearances of wave patterns 
near the model M. No. 196 were considerably complex, while those of 
M. No. 198 were simpler than the former, and those of M. No. 205 were 
the simplest of all. 

In case of wlth-bulb forms, the above-mentioned phenomena 
were also observed, and waves of M. No. 205 were lower than those of 
the formers. 

-"r» 
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Pi«. 4«. V«v« P«tt«rnc of M.Ho. 196 (Vitboat Bulb), upptr. and 
M.Ho. 196B-3 (With Bulb), lomr. 
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Plf. 4b. «avs-Goatoara of M.Ho. 196 (without bulb), upper, and 
M. Mo. 196E-5 (with bulb), lonor. 
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Flg. 4c. Wave Pattern« of M.No. 198 (without bulb), upper, and 
M.No. 198A-2 (with bulb), lower. 
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Pig. Id. V«v«-Contour« of M.Ro. 198 (without bulb), upper, and 
M.Mo. 198A-2 (with bulb), lower. 
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Flf. 4«.    V«v« Pattern« of M.No.  205 (without bulb), upper,  and 
M.Mo.  205H-4 (with bulb),  lower. 
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Pif.  4f.    Vava-Oootourt of M. Ho. 205 (without bulb), upper, and 
M.Mo. 305H-4 (with bulb),  lewur. 
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From these observations of both wave profiles and wave 

patterns, M. No. 205 may be interpreted as the most promising of all 

with respect to wave-making characteristics, in its main bull form 

case and with-bulb case. 

5-3 Results of Resistance Tests 

Reference should be made to Figures 5^ to 5c,  6a to 6c, and 
7a to 7c. 

The value of form factor K was decided to be 0.27 for the 

whole models through the process described in Chapter 2. K values 

for 6 m models, also analyzed for reference, proved to be a little 

higher (probably due to fitting of bilge keels). 

On comparing curves of wave-making resistance coefficient 
Cw of main hulls of 2.5 m and 6 m models, there seemed to be little 

difference between them at full load condition as well as at 75^ full 

displacement condition enough to be discussed together, so the authors 

will hereafter use the results of 2.5 m model tests representatively. 

At full load condition, differences among Cw curves of the 

three ships well correspond to those among the observed wave character- 

istics as to be explained below. 

At first, in Cw curve of-M. No. 196 there occurs an apparent 

hollow part from Fn = 0.2^ to 0.25, probably due to its long parallel 

part. As concerns M. No. 198, the amount of Cw is larger than that 

of M. No. 196, though the tendency of its Cw curve is rather simple 

and monotonous. As concerns M. No. 205, the amount of Cw is the 

smallest of all. 

In case of the with-bulb forms, the cancelling effect of 

bulb is seen over a wide range of Froude Numbers.  The amount of Cw 

decrepse due to bulb fitting at full lead condition, designed speed 

are: 

M. No. 196 36^ 

M. No. 198 tOf 

M. No. 205    ^ 

Calculation of the effective horsepowers (EHP) of assumed 
actual ships using the above-mentioned Cw curves give probable EHP 
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Figure Tb. EHP Curves,  95^ Displacement Condition. 
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Figure 7c.    EHP Curves,    75^ Dlsplacrment Condition. 
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decrease at the corresponding condition as follows. EHPs were derived 
through Hughes' method, with roughness allowance ACf assumed to be 
C.2 x 10"5. 

M. No. 196    lOf 
M. No. 198   lyj, 
M. No. 205        lyfi 

The same tendencies could be pointed out from the calculated 
results at 95^ full displacement condition (numerical comparisons of 
Cws and EHPs are omitted). 

As for the results at 75^ full displacement condition where 
bulbs are close to water surface, the cancelling effect of bulbs seems 
to remain, but when compared with the without-bulb case the performance 
gets worse over wider remges of Froude Numbers than at the above load- 
ing conditions. Besides, differences among the three ships are also 
recognized. The EHP decrease to be expected at designed speed are as 
follows: 

M. No. 198    7i 
M. No. 205    110 

3.1* Results of Self-Propuls ion Tests 

Reference should be made to Figures 8a to ^c. 

The authors will first quote the case of M. No. 198 to show 
the difference between main hull form and with-bulb form, and then 
compare the results of three ships in their with-bulb cases. Effect 
of loading condition is also considered. 

a) Difference of Self-Propulsion Factors between Main Hull 
Form and With-Bulb in the Case of M. No. 198. 

1-w (w being wake fraction) As for with-bulb form 1-w 
decreases by about 5^ at full load and 95^ full dis- 
placement conditions compared with that of main hull 
form, which suggests a little improvement of propul- 
sive performance through bulb fitting. 
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M.NO. 196 + B3 

M.NO 198 

M.NO. 198 + A2 

I.I 

M.NO. 205+H4 

MODEL   "A" 

1.0 
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DESIGNED SPEED 
FOR   MODEL NAN 

020 
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FOR M.NO. 196, 
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Fn 
Figure 8a.    Self-Propuls Ion Factor», Full Load Condition. 
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Figure 8b. Self-Propulsion Factors, 93% Displacement Condition. 
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Figure 8c.    Self-Propulsion Factors, 75^ Displacement Condition. 
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i-t (t being thrust deduction) 

1-t decreases by about 2 to 5^ in high speed range 

of full load and 93$ full displacement condition 

through bulb fitting, which indicates a fall of 

propulsive performance. 

Tjr (relative rotative efficiency) 

At full load and 95^ full displacement conditions, 

n of with-bulb form is lower than that of main hull 
•r 
form in the high speed range, and the tendency are 

remarkable at 75^ full displacement condition. 

TJ  (propulsive coefficient) 

At full .".oad and 95^ full displacement conditions, r\ 
of with-bulb form Is slightly higher than that of main 
hull, integrating 1-w improvement and 1-t decrease in 

the relation ((l-t/l-w) x T)r x TU) (TU being propeller 

efficiency), but the order of superiority changes at 

75^ full displacement condition. 

b)  Comparison of Self-Propulsion Factors of Three With- 

Bulb Hull Forms at Full Load Condition 

1-w the values of M. Nc, 196 and 205 are nearly equal, but 

the value of M. No. 198 is lower than those of the 

formers. 

1-t the values of M. No. 198 and 205 are nearly equal, 

but the value of M. No. 196 is lower than those of 

the formers. 

Tjr of three ships, the value of M. No. 198 is the highest 

and that of M. No. 205 is the lowest. 

T^  of three ships, v  of M. No. 198 is the highest and 
that of M. No. 196 is the lowest. 

These descriptions are to be equally applied to the case of 

75^ full displacement condition, except that Tir of M. No. 196 approaches 

and exceeds that of M. No. 198 in higher speed reuige. 

General conclusions would hardly be derived as to the self- 

propulslon factors from the limited numbers and conditions of models. 
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but M. No. 196 seems to be most superior of all In Its vith-bulb case 
as veil as In main hull form case. 

c) Comparison of DHP Curves of With-Bulb Case 

DHP curves derived from EHPs in 3»5 and self-propulsion 
factors of 6 m models are shown in Figures 9a "to 9c for 
reference, which may serve as a «rough basis for comparison* 
of overall performance. 

From these curves at full load condition, M. No. 205 
seems to hqy« best propulsive performance of all with M. 
No. 198 a little inferior to it and M. No. 196 worst of 
all. The discrepancy becomes larger as the ship's speed 
exceeds 20 knots. At 75^ full displacement condition, M. 
No. 205 is most superior only in the speed range higher 
than 19 knots, under which speed its superiority is exceeded 
by M. No. 198. 

The tendency stated above may indicate that the best 
resistance performance of M. No. 205 is rather cancelled 
by its lower value of propulsive coefficient t] (or more 
precisely, relative rotative efficiency Tjr). The values 
of Tjr of M. No, 205 are a little suspicious however, when 
compared with other data of similar aft body model, and 
further clarification of the reason might be necessary. 

3.5 Comparison with a Conventional Ship 

From practical designing point of view, comparisons of over- 
all propulsive performance of with-bulb ships (described throughout 
Chapters 1 to 5) with that of a conventional ship is of great interest. 
The authors chose as an example a conventional ship (hereafter named 
Model "A"), recently designed under almost the same requirements as for 
the with-bulb ships and made some comparative calculations« 

Model "A" has one of optimum hull forms developed through 
model series tests, and meets the following basic requirements at full 
load condition. 

Displacement       «  about 18,170 ton 

Mt. of Inertia of , 
waterplane Z       ■  about 69,660 m 

Note: * Corresponds to ON ■ 0 at full load arrival 
condition. 
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Draft moulded   d  =  9.05  m 

Designed speed     = 19.7   knots (Fn = O.2608) 

Particulars of Model "A" are listed in Table 1, and its 
waterline curve is shown in Figure 1. 

Resistance and Self-Propulsion Tests had been carried out of 
its 6 m model, in the same manner as of other 6 m models (concerning 
the way of experiment and method of analysis), at full and 6 loading 
conditions. 

Because other loading conditions do not correspond to 95^ 
and 75^ full displacement, experimental and analyzed results of Model 
"A" only at full load condition are added to Figure 5a, 6a, 7a, 8a, 
9a and 10a. 

Curves of EHP and DHP of Model "A" (corrected to Ob = O.586) 
are also estimated using other series tests results and added to the 
figures, in order to facilitate a direct comparison of Model "A" with 
M. No. 205 + H4. 

In all power curves superiority of M. No. 205 + H^ is clear 
over the whole speed range, and it shows, when compared at 19.8 knots 
(about the designed speed) of full load condition, such low horse 
powers as listed below. 

EHP        DHP Ti 

M. No. 196 + B5    3,600 P.S. 11,500 P.S. .JkQ 

M. No. 198 + A2    8,^70 P.S. 10,720 P.S. .790 

M. No. 205 + H^     7,750 P.S. 10,070 P.S. .770 

Model "A"          8,880 P.S. 11,650 P.S. .762 

Model "A"         8,880 P.S. 11,500 P.S. .772 

(Corrected to Cb = O.586) 

Thus DHP decreases of 1,^30 P.S. (12.^) will be expected by 
M. No. 205 + tih  canpared with the conventional ship Model "A" (corrected 
to Cb = O.586). Differences of propulsive efficiencies seem small in 
this case. 



wmmmtmmmmmm 

•1197- 

Practical estimation of overall performance of these ships 
should be done on the BHP curves with suitable propellers designed 
and other empirical factors adopted respectively,  and Appendix 1 
(with Figures 13a and 13b (later added))will be of some use to realize 
the superiority of "with-bulb" waveless hullforms (especially M. No. 
205 + H^) in overall performance. 

Name Speed at r-rrf MCR ■. 

Model "A" 1750Ops x 115RFM 20.22 Knots 

M. No. 196 + B3 19.55 

M. No. 198 + A2 15500 x 118 19.^9 

M. No. 205 + tf+ 20.23 

As to the power reduction at I9.8 knots, BHP decrease of 
2,150 p.s. (18.7^) will be expected with M. No. 205 + I& compared 
with the conventional Model "A". 
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4, EXPERIMENTAL RESULTS IN WAVES 

Reference should be made to Figures 10a, 10b, and 11. 

Before still water tests described in Chapter 2 were carried 

out, self-propulsion tests in regular waves were conducted to acquire 

the general information of the performance of with-bulb hull forms in 

waves, attaching in turn two types of bulbs to a conventional hull 

form, and recording thrust and motions in regular waves at the Experi- 

mental Tank of the University of Tokyo. Using the response amplitude 

operators derived from above-stated records and thrust measurement at 

self-propulsion test in still water, various performances in actual 

seaway where these ships are bound to sail and under several weather 

conditions were further estimated. Model motions in regular waves 

were also filmed by l6 ram movie camera. 

The outline of experiment is as follows. 

Principal Dimansions 

Model Lpp x Bm x d    =    2.5m x 0.5571ra x 0.lU88m 

(in Full Scale do,      =    150m x 2lA3m    x 6.930m) 

Propeller 

Diameter 0.100 m 

Pitch Ratio o.8o 

Exp. Area Ratio 0.50 

No.   of Blades 

Bulbs 

Bl  (projected) a/Lpp =2.0^,   f/d = 765t,   H/Lpp =2.5^ 

B2  (not projected) a/Lpp =  do.,     f/d = do.,   H/Lpp =-2.5^ 
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where a is radius of bulb 

f is immersion of bulb center below waterplane 
at full load condition 

h is the projection of bulb center ahead of the 
fore end of main hull. 

Designed Loading Condition 

Full Load Condition 

Designed Speed 

Fn = 0.256 (19 Kn in full scale) 

Waves 

Wave Height    = 0.05 m 
Wave Length/Lpp = 0.75, 1.0, 1.25, 1.50 

Radius of Gyration 

Main Hull      25^ Lpp 
With-Bulb Form  2^. Lpp 

The results of this experiment are summarized as follows: 

The previous expectation was verified that motions (mainly 
pitch) of with-bulb forms got decreased, while thrust increase in 
waves became larger than those of main hull forms, especially in longer 
waves. The tendency was more remarkable with Bl bulb forms, as was also 
expected. 

The amount of power increase of with-bulb forms, estimated 
using response amplitude operators of thrust increase derived and 
statistical treatment considering various possible weather conditions 
over the route, little differed from that of main hull (without bulb) 
forms, probably owing to the dominant wave components of shorter length 
in the wave spectra used. In considerable rough seas where longer 
waves predominate, the power increase of with-bulb forms would be so 
large as not to be compensated by their superior performances in still 
water. 
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5. CONCLUSION 

From the experimental results heretofore described, the 
followings could be summarized. 

1) Resistance and propulsion performances of "with-bulb" 

forms are satisfactory about designed loading conditions and in 

higher speed range including designed points, but gradually get 

worse as the conditions are off the designed loading condition or 

designed speed. Attentions should also be payed to self-propulsion 

factors as not to decrease overall propulsive performance. 

2) According to the features of "with-bulb" forms mentioned 

in l), they seem to be much suitable for passenger boats or tankers, 

whose loading conditions are little changed through their voyages, 

5) General tendencies are confirmed that bulb fitting is 

favorable as regards ship motions, while it is unfavorable for thrust 

increase in waves. However, it is concluded t.iat motions and power 

increase of with-bulb forms in seaway are little different from those 

of conventional forms, unless sea and weather conditions are extra- 

ordinarily violent, 

k)    Through the conclusions stated in l) to 5), the authors 
are sure of the possibUiity that various "with-bulb" high speed cargo 

liners satisfying design requirements and having better resistance and 

propulsion performances, and having not inferior characteristics in 

all practical respects compared with conventional form ships can be 

designed. 
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Apptndlz 1 

Aseuaptions Made and Particulars of Propellers 

Roughly Designed for Prediction of BHP Curves 

MODEL Ho. 
(SHIP) 

196 + B3 198 + A2 i 
(2) 

205 + H4 
(?) 

MODEL "A"  1 

EHP Gal. by Hughes' Method                              { 

| ACf 1           -.05 x 10"5 , -.13 x 10"3 

Self-Prop.  Factors as referred to Figs.  8a and 8c 

|1-Ws/l-W« 1.08 1.10                   1 

TransBission Eff • 0.95                                        | 

Main Engine (MCB) 13,50ÖPS x 118FPI1 
17f500re 

x 115R1* 

1 Propellers                                                                                                      | 
iDiaattar 6.05 6.10 6.05 6.23        ! 

| Pitch Ratio 0.861 0.615 0.91 0.91        1 

{Ex* A. Ratio 0.55 0.50        | 

|Section Aerofoil 

| Viaber of Blades 4 5              | 

used Chart MAU (Standard Series of S.R.I.) 
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AN APPLICATION OF THE WAVELcSS THEORY TO 

THE DESIGN OF A DESTROYER FORM 

ABSTRACT 

The design problem concerning a large sonar dome for modern 

destroyers is studied from the "With Bulb" waveless concept. Theo- 

retical prediction about the possible attainable amount of reduction 

in wave resistance -- 50 percent at Fn ■ 0.50 and 30 percent at 
Fn = O.kO  — is satisfactorily ascertained by the resistance tests 
on two 8 meter destroyer models, both of practical forms. Twenty 

large bulbs, which were designed so as to be substitutable for the 

conventional sonar domes, were tested; first, of a basic, simple, 

spherical type; second, of a more practical dome type. 

The problem is then attacked, not only from the standpoint 

of resistance but also with all ship hydrodynamical design consider- 

ations in mind, i.e., the self-propulsion test both in still water 

and in regular tank waves, the sea-keeping qualities prediction for 

the actual complicated sea states, and also the radio-controlled 

self-propulsion maneuvering test. 

From these wide ranged researches, the practicability of 

the "waveless" sonar dome is successfully ascertained. 
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INTRODUCTION 

Recently, modern destroyers have a tendency to be equipped 

with a large sonar dome. As that dome becomes larger, its size 

cannot be ignored in comparison with the main hull.  Then, consider- 

ing the increase of the ship resistance due to the dome, the con- 

ventional snape and location of bottom sonars is definitely -unfavorable. 

The starting point of this investigation exists in the dis- 

covery that a bulbous bow is able to contain the large sonar transducer. 

Although a bow bulb designed for this purpose is larger than the 

ordinary bulbous bow, the bulb that is obtained by the application of 

Professor Inui's "waveless theory" is also quite largo.  Therefore the 

theoretical basis for this investier' ion is founded on the "waveless 

theory." 

This investigation treats the case wnere the large sonar 

dome is to be equipped to a certain main hull- From an ideal wave- 

interference viewpoint of the waveless theory, this case is the so- 

called "incomplete" wave-interference problem, However, the main 
scope of this study was restricted to this case for practical design 

reasons,  The tested forms of bow bulb can be divided into two types. 

The first type is similar to the sphere, where it is easy to apply 

the theory. The second type is similar to the bottom sonar dome,, in 

which case it is readily able to enclose the ordinary sonar transducer, 

Moreover the vertical position of the bulb is so selected to fulfill 

the requirement for the sonar itself 

The results obtained in this study were originally published 

in Japan, 1962, 1962, by the autht-r^1»2),  It has been proved that 

the bow sonar dome has superior resistance characteristics in compari- 

son with the bottom dome  In this paper, which includer test results 

on two kinds of new domes, M 5' - 9 and M.5(, - 10, the theoretical treat- 

ments on the wave-making resistance of the destroyer with the large 

bow dome are particularly discussed.  The performances in irregular 

waves and in turning motion are a]30 briefly described 

The experiments in this paper were carried out at the Ship 

Model Basin of Japan Defence Agency, Meguro, Tokyo, from A'jgust i960 

to March I963. 
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II. ESTIMATION OF WAVE RESISTANCE FOR A DESTROYER 

FORM WITH A LARGE BOW BULB 

.1 Reduction Ratio of Wave-Making Resistance Due to a Large Bov Bulb 

Two basic hull forms, M.No. 59 and M.No. 60, which are not 

mathematical at all, but are completely practical, are treated. The 
following procedure of analysis was adopted.  By making use of the 

mep^sured wave-making resistance of the basic hull, the reduction in 

wave resistance due tc the addition of a large bulb is calculated, not 

the absolute values of the wave-making resistance of the hull form fitted 

with the large bulb. By this procedure, we may be able to keep the 

errors as small as possible due to the incomplete mathematical treatment 

of the main hull form. Furthermore, the calculations can be much 

simplified. Wave-cancellations generally consist of two controlling 

factors, the phase as well as the amplitude of a set of the free wave 

systems, main hull wave and bulb wave. However, we will only consider 

here a single controlling factor, the amplitude relationship, by assum- 

ing that the "inverse phase" relationship is completely satisfied in 

all cases.  In accordance to this, all bulbs treated in this paper are 

located in the nearly constant shiplengthwise position with their center 

position, i.e., 0.03L forward of F.F., which is considered as approxi- 

mately the optimum position for a bulb. 

With a very fine hull form which has no parallel middle body, 

it may be possible to consider the whole free wave system consisting 

of the bow and stern waves only, without any shoulder waves. In these 

cases, a ratio of the fundamental term of wave-uaking resistance of 

the main hull with the bulb to that term of the main hull only, that 

is the reduction ratio of the fundamental term (ft), will be given in 

the following Equation (l). 

j  iM0) - B(e)}2- cos5ö ' dÖ      Q2 
^72 2 3  + 

Q u    Rw-B   o/ {AF(Q)} • cos e » dQ  

'      K ! + ß 

R'   : Fundamental term of wave-making resistance of the main 
W     hull itself. 

R1 _  : Fundamental term of w;-ve-making resistance of the main 
w—p 

hull with a bulb. 
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And the reduction ratio of the interference term of wave-making 
resistance (\|f) are given, as follows: 

w 

^(e) - B(O) 

^(e) 
(2) 

Ö=0 

R    : Interference term of the wave-making resistance of the 
main hull itself. 

it 

R    : Interference term of the wave-making resistance of the 
W"    hull with a bulb. 

Hereupon 

•  _" % * K * ^ ' ^-B = ^-B + ^-B 

w 

^-B 

: Total wave-making resistance 

Cw = 1/2 pl/T2 

C + C" w   w liL 
1/2 pL^2    1/2 plV 

'w-B C'   + C" , 
w-B    w-B 

Therefore 

a = ♦ = 
c 
w 

C" 
w 

The definitions of the symbols are the same as those in Reference 3< 

A^(ö) : Amplitude function of the bow wave of the main hull. 

B(ö)  : Amplitude function of the bulb. 

: Viscosity correction factor of the stern wave height. 
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On the other hand, the measured results of the wave-making resistance 

of the main hull being /Jiovm, the fundamental terms and the inter- 

ference terms on the main hull can be estimated by the use of the 

measured total wave-r.aking resistance curves. Accordingly, when Ü 
is able to be calculated from Equation (l), the fundamental term 

of the hull form with the bulb is obtained by multiplying the funda- 

mental term of the main hull by that fi.  Similarly, the interference 

term of the hull form with a bulb is calculated from the measured 

interference term of the basic hull and the estimated y  from Equation 

(2). Then, by adding them, the total wave-making resistances are 

obtained. 

This method has been already discussed by Professor Takahei, 
but according to this method both of fi and \|r cannot be calculated, 

unless the Ap(ö) are found.  The mathematical representation of the 

main hull form is required, as is a suitable expression for B(ö). 

2.2 Mathematical Approximation to the Basic Hulls 

As the basic hulls treated in this paper are asymmetric 

shiplengthwise and are of special forms cutting down at the stern, 

it is difficult to repi^esent the hull forms by a complete mathematical 

formula.  On the other hand, the scope of this study is sufficiently 

satisfied by a consiieration of the correlation between the bulb and 

the basic hull, so we do not need a strict mathematical representation 

of the hull form, which would ordinarily be necessary for an analysis 

of the absolute value of Cv,  Therefore, ve will select a simple method 

leading up to the first assumption 

In spite of considering the ship form to be two-dimensional, 

and referring to the prismatic curve, the basic hull form is asymmetric 

shiplengthwise  But, we will try to compare with a certain asymmetric 
hull form, that is the cosine-hull form designed by Professor Takahei^» ^j, 

The cosine-hull form is defined by the following equations: 

■(1,0 ■ ■iCf) ' nigC) 
(5) 

2|/L - I«,  2r/L = I 
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m^V)  = a . 8ln(| I - I») 

S' = 0(F.P.)- 2(A.P.) 
{*) 

mgCO = 1,  (U - type distribution) 

5' . -t-^0, where t = 2T/L (T = draft) 
(5) 

As the basic hull of this study is one of a V-frame line,   the follow- 
ing Equation (6) replaces Equation (5). 

mgU')    =    1 + C'A      (for V-frame line) 

5«    .    -t~0,    where t = 2T/L,   (T; draft) 
(6) 

The hull form uaing a1 ■ O.U and t » 0.1 in Equations (3) 
(U), and (3) was named C-101 by Professor Takahel. Comparing with 
C-101 and the basic hull in this report (M.59- Q), M.60- Q ) on the 
sectional area, Figure 1 is obtained. Table 1 shows these particulars. 
From this data ve can understand that M.59- (6), M.60- Q/ do not 
belong to separate groups, considering the type of the frame line. 
Hereafter we will adopt M.60- '0,   as the basic hull form. The follow- 
ing equation is obtained by considering the ratio of the fundamental 
term of wave-making resistance for M.60- 0, (Cw - M60) to that for 
C-101 (Cy - ClOl). However considering 3 as the only viscosity 
correction factor, it is assumed that the value of 3 for the equivalent 
hull form of M.60- ft is the same value for C-101. 

ci-cioi     Ä/  {Acl01(e)}2.cosVde 

AMgo(0)  : Amplitude function of bow wave on M.60- (0;. 

A   (ö) : Amplitude function of bow wave on C-101. 

(7) 
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TABI£ 1 

M.No.  60 c-101 c-201   | 

T/L o.05:iA 0.03 0.03     j 

1          B/L 0.116 0.090^ 0.1^08 

V/(L.1/10)3 1.872 3.968 5.968   | 

TABLE 2 

Fn 0.50 O.kl 0.35 O.29 0.20 

koL k 6 8 12 25 

^60 0.6U6 0.573 0.595 0.56^ 0.593 

TABLE 3 

Fn 0.50 0.1*5 O.kl 0.35 0.29 1 0.25 0.20 O.lU 

k0L 1* 5 6 8 12 16 25 50 

ß 0.862 0.860 0.855 O.8V7 0.837 0.830 0.7^6 0.595 

l+ß2 1.7^3 1.739 1.751 1.717 1.701 1 689 1.557 1.35^ 1 



AM6o(e)  ^60 
äK L 

0 

where T2/L = 0.0314 
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U(K0T2,e) • cos20 

i - (§— . cos© y 
K0L 

(8) 

AC]0l(e)  ^101    u (Vl* e) 

nK0L i . (-2- . cose)' 
KoL 

(9) 

where C101 = 0.4, T-j/L = 0.05 

KQ = gA2 ,  KQL = 1/t 

L: ship length. V: ship speed 

F: Froude number 

herein,    U(K0T, ©) = 1 - exp.(-K0T • sec2©) 

Regarding: Equation (7), from the experiments both the denomi- 
nator and the numerator of the left side have been determined already, 
and the denominator of the right side is calculated by the formula (9), 
The only unknown quantity in the numerator of the right-hand side is 
SJ-^Q, which is determined by Equation (8), a^o can ^e c81!011!81*6^ ty" 
Equations (7), (8), and (9). 

According to above mentioned method Q^Q can be estimated 
without use of ß, but the value of ß being known BJ^Q can be looked 
for from Equations (10) and (8). 

Cv.M6o   =    2n(l+ ß2)   J    j^2^j2 .  cosVd©      (10) 



Table 2 has been obtained by the former method. The results 

ohow that the approximate mathematical representation of M.60- 0, is 

nearly equal to the case in which is a, = 0.6 in Equation (U) and 

T/L = C.051^ in Equation (6). Calculating the wave-making resistance 

of the mathematical hull form defined by a^ = 0.6 and Equations (5), 

(k),   and (6), the results are compared with the measured results of 
M.60- 0 in Figure 2.  Ho..ever, the values of ß to be equal to C-101 

are assumed, thoce values being given in Table 3« 

Figure 2 öhows that the correlation between the measured and 

estimated values is good except for the speed range over the Froude 

nunber of O.k^. 

2.3 Mathematical Approximation to the Bow Bulb 

The generating wave of the spherical bulb is equal to the 

generating wave of an advancing point doublet as confirmed in References 

(3) and (5). Accordingly, the amplitude function of the spherical bulb, 

B(?), is given by the following equation. 

- 2(_£)5 • (KQL) • Gec,+ö • exp(-K0f sec2») (11) 

f :  depth of spherical bulb center. 

a0 :  radius of spherical bulb. 

L :  ohip length. 

The bulb being a complete sphere, the amplitude function is 

simply calculated by the above equation. As a large number of the 

bulbs treated in this study are not of the simple spherical shape, 

some assumptions are required to decide f and a0.  It is assumed 

that the equivalent sphere for obtaining the effect of the bulb is 

the maximum inside osculating sphere of the bulb xorra, referring to 

the resistarce tests results cori'espending with the bulb forms. 

Therefore in this study f and a0 in Equation (11) are decided 

by the maximum inside osculating spheres (see Figure 3)« Particulars 

of these bulbs are shown in Table k.    The reason for assuming the 
, bove is the fact that the main object of the present paper does not 

lie in the absolute value, but in the difference between the two 
cases with and without bulb.  If the section of bulb is not a circle. 
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it is better the equivalent sphere be decided on the basis of the 

sectional curve of the bulb (Figure U).  In M.5S- 10 the values 

estimated by that method are adopted. The correlations between 

the equivalent spheres and the forms of the fairing parts after 

the main parts of bulbs will vary with each case, but that method 

may be adapted in almost all cases, except for a very long fairing 

part. 

As the bulbs in this study are nearly similar, the ship- 

lengthwise position of the bulb center will be nearly constant, 

that is about 3^ of load waterline length - forward of the F.P. 

This position is the nearly optimum one deduced from previous 

experiments  In this study the position is fixed on 5^ of LWL 

by requirements based on pr-ctical design considerations. It is 

supposed as before mentioned that the phases of the generating 

waves of these bulbs are the inverse phases of the bow waves. 

2.U Comparisons Between Measured and Estimated Results 

2.4.1 Wave-Making Resistance 

Considering M.59- 0 to be of the same form as M.60- töj 

as a rough approximation, AF(0) of M.59- 0 and M.60- rtfi in Equations 

(l) and (2) are calculated by the assumption that a^o ^n Equation (8) 

is equal to 0.6. B(ö) is calculated by Equation (ll), using the value 

of bulb depth and radius indicated in Figure 3« Fran such procedure 

the wave-making resistance of the hull form with a bulb is estimated 

from Equations (l) and (2). Figures 5 and 6 show the comparisons 

between the calculated values and the measured values. The estimated 

values of the ordinary speed range give the good results except for 

M.59- 10 and M.6o- 5. , which is the very large bulb. Generally 

speaking, at high speeds the estimated values are larger than the 

measured ones. On the very large bulbs the accuracy of estimation 

is not good because of their serious eddy-making. Another cause for 

the discrepancy in the very large bulbs is the assumption that the 

phases of the bulb waves are exactly equal to the inverse phases of 
the bow waves. 

2.4.2 Effective Horsepower 

Figure 7 shows EHP as obtained from Figures 5 and 6. The 

results show that M.6o- l§)| M-59- 7 ,  9 , the spherical bulbs, give 

the quantitative coincidence. .Since there are large inaccuracies on 
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M.60- 5 > M.59- 10 the very large bulbs, these estimated values 
can not be used for practical purposes. But in place of the quanti- 
tative viewpoint, we can try to compare the estimated curves with 
each other. This comparison well explains the qualitative character- 
istics of each tnlb. 

2.4.3 Design Speed of Bulbs 

The maximum cancellation effect of bulb appears theoreti 
cally at B certain speed, that is, the design speed. Assuming that 
the cance.Mation is predominately in the transverse elementary wave 
(9 = 0°   55° 16'^ the design speeds are estimated as in Figure 8. 
Meanwhile fror Figure 6 the "measured" design speed, that is the 
speed giving the minimum wave-making resistance will be obtained. 
These "measured" design speeds are F = 0,5^ for M.60- 5 
for M.60- k  , respectively. The estimated design speed of M.60- h 
nearly coincides with the "measured" one, on the contrary M.60- 5 is 
not coincident. Therefore it can be seen that the assumptions mentioned 
above can be used for large bulbs, but cannot be adopted for extremely 
large bulbs.  In very large bulbs the actual values of design speed 
can be obtained by multiplying the estimated values by about 1.2. 

and Fn  = 0.20 
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III. GENERAL DESIGN CONSIDERATIONS ON A DESTROYER 

FORM WITH A LARGE BOW SONAR DOME 

3.1 Performance in Still Water 

Generally speaking, it has been ascertained, in the preced- 

ing chapter, that the performance with bulb is superior to that without 

bulb, in spite of the fact that a precise prediction of the effect of a 

bulb could not be made because of the practical basic hull presently 

adopted. There are many proofs or this in Appendices (B), (C) and 

related Reference 1. 

Bow bulbs equipped with the sonar transducers therein are 

divided into two classes, that is the large bulb corresponding to the 

usual sonar transducer and the extremely large bulb corresponding to 

the unordinarily large transducer. In this study, the extremely large 
bulbs are M.59- 4^ and. M.6o- 5, the large bulbs are all the others. 

The large bulbs give good performances over an almost whole range of 

ship speeds. While in the extremely large bulbs the speed range which 

shows good performances is not so wide compared with the former. 

Further, their benefits in resistance are not superior to the former 

at all. To increase the performance of the extremely large bulbs 

beyond that achieved in this study will be difficult without reforming 

the basic hull itself. 

In comparison with the conventional equipment of sonar domes 

like M.59- 1, however, both the large and the extremely large bulbs 

shown in this paper are practicable enough from the standpoint of 

improvement of performance in still water. 

3.2 Performance in Waves 

The performance of destroyers in waves is important for two 

reasons. The one is that the destroyer must maintain high speeds 

even in rough seas, the other is that equipment must be kept opera- 

tional even in rough seas. The former relates to the ship motions 

and speed decreases in heavy seas, and the latter relates to the 

exposure of the bow bottom, because the sonar performance is of 

particular Interest in this study. This study treats only the per- 

formance in head seas as being the severest condition, but the gen- 

eral trends in all directions of waves will also be obtained. 

-1255- 
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The performances in head seas with bulb and without bulb 

are shown in Appendices (D) and (E). The results generally show 

that in ship motions the hull with a large bulb is better than the 

basic hull, and in propulsive performances the former is slightly 

inferior to the latter. For the destroyer, which is navigating in 

rough seas, it has been generally accepted that her critical 

navigating speed is determined not by the propulsive power of the 

plant, but by the limit of the maximum endurable ship motions. 

Therefore it can be said that the performance of a destroyer with 

a large bulb is superior to that of a destroyer without a large 

bulb. In this study rolling is not considered since large bulbs 

do not have a great influence on rolling. 

The exposure of the ship's bottom seriously impairs the 

sonar operation. This, the position of the sonar on the bottom 

would seem to be of great importance. But roughly speaking, it is 

assumed that differences of the detecting ability between bow sonars 

and bottom sonars do not exist, because in conditions exposing the 

bow dome air bubbles in the bottom layer as well as the bottom 

exposure have a bad influence upon the bottom sonars. In still 

water it is believed that the capability of a bow sonar is usually 

superior to that of bottom sonars, because the bow sonar is further 

away from the origin of hull noises, and the air mixture layer about 

the bow dome is less than along the ship bottom. 

3.3 Maneuverability 

Except for a very unusual hull form, it Is scarcely 

possible that the maneuverability of destroyers will come Into 

question, because the steering characteristics of destroyers are 

easy controllable by slight changes of rudder area or skeg area, 

which do not seriously Influence other ship performances. That 

this is true also for a destroyer with a large bow bulb is shown 

by the results of steady turning model tests described in Appendix (F). 

As regards the huge bow bulbs. It is Interesting that a 

positive effect on the emergency stop can be expected due to the 

large resistance at very low speed. 

-"v- 
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IV. CONCLUSION 

The author has attempted a very practical application of the 
vaveless theory to the conventional destroyer form. The approximation 
on the decrement of resistance due to a large bow bulb for a certain 
basic hull of a practical form is given in the first half of this 
paper. This method can be applied to define the bulb size in the 
initial stagei of design in these cases. 

In the latter half of this paper, the practicability of the 
destroyer with the large bow bulb is generally considered according 
to the results obtained from various model tests. Generally speaking, 
the destroyer with the large bulb has been ascertained in this paper 
to be practical, considering the obtained Improvement on the perform- 
ances in still water and waves. From the practical standpoint, the 
problems of construction, docking and anchorage will come into ques- 
tion, so that the details of form and construction must be considered 
further. But the type as M.59- S (7' will give a near practical 
solution. On the extremely large bulb the data shown in this paper 
is not enough to appraise.  It is believed that the extremely large 
bulb as M.59- 10 , M.60- 5 is too excessive in its size, the bulb 
being out of proportion with the main hull and the decrement of re- 
sistance being less than expected. Moreover refining the form, 
building the bow and fulfilling the demand based on practical use 
becomes difficult. Therefore it would be much better if a new basic 
hull matched to such extremely large bow domes would be designed or 
if the size of the sonar transducer would be reduced while mai tain- 
ing the same sonar ability. 
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APPENDIX A 

PREMISE ON THE DESIGN OF SONAR DCME 

The bow bulbs herein discussed being considered as bow sonar 
domes, the following design conditions are given from a viewpoint of 
the acoustics, 

1) The bulb must be large enough to be equipped with 
a certain sonar transducer. 

2) The draftwise location of the bulb center must be 
as deep as nearly equal to or slightly deeper than 
the fore draft of the main hull. 

5) The sonar transducer being a vertical cylinder, it is 
better that the bulb has a wall side or vertical semi- 
cylindrical side in the fore part. 

k)    The bottom of the bulb should not be very deep because 
of the difficulty in docking. 

5) The after part of the bulb must be refined in its 
form so as to avoid the dome noise. 

The bulb form must be designed from the viewpoint of the ship 
hydrodynamics, keeping in mind the premises mentioned above. M.50- ^1 
shows the ordinary method of the sonar fitting. M.59- .5 shows the 
conventional sonar dome attached to the bow. M.50- 10 is a form to 
be equipped with an extremely large transducer at the bow, and a 
vertical fin that has almost no displacement is attached for reasons 
of strength and seaworthiness. The other forms are spherical bulbs, 
both for the purpose of decreasing resistance and for theoretical 
research. In general, these bulbs are very large in comparison with 
conventional bulbous bows, maximum sectional area is as small as l/k 
to l/2 of the bulbs in this discussion. 
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APPENDIX B 

RESISTANCE AND EHP 111 STILL WATER 

The models used are of wood, 8 meters in length between 
perpendiculars including all appendages. The results of the resist- 
ance tests are shown as the residual resistance coefficient, Cr, in 
Figures A-l and A-2. Frictlonal resistance was calculated by the 
Hughes' formula, and the form factor K is assumed to be 0.26 for 
M.No. 59 and to be 0.28 for M.No. 60. Residual resistance, Rr, is 
represented as follows 

Cr =   Rf ■ = C+ - C^= ■ Rt_ , - S_ (i+K)     0.066 
2 | pLV I pL^2  L2       (log-LoR,, - 2.03) 

Rj. : total resistance 

S  : wetted surface area 

Rn : Reynolds number. 

In these calculations it is assumed that L is constant, that 
is 8.00 m. in all models including M.59- (f)* '10, . 

The effective horsepower was calculated on the basis of a 
ship length of 115 m«* again in terms of the length between perpen- 
diculars. 

EHP calculated from Figures A-l and A-2 is shown in Figure 
A-3, assuming the following roughness correction, AC^. . 

/I   2 
ACf = ARf/g pSV  = 0.00035 

The general trend of the test results are shewn as 
follows: 

-1258" 
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i) The performances of the hulls with large bow bulbs are generally 

better than that of the basic hull alone, in spite of the increase 

of displacement, 

2) The extremely large bulbs give  perfomances not so well as 
previously expected especially in the high speed ranges.  It 

is considered that the form resistance increase due to the eddy- 
making is cancelling partly the wave resistance decrease. 

5) At the cruising speed of this type of ships, that is 18 kts - 

20 kts, the hull forms with large bow bulbs are superior to xtie 
basic hull alone over whole speed range, except in the case of 

the extremely large bulbs (M.59- 10 , M.6o- 50 

U) Between the two cases, with and without large bulbs, about 7^ 

in EHP decrease or about 0.5 kts in speed increase are obtained. 

Moreover, in comparison with the existing method of fitting a 

sonar dome, that is M.59- 1 > the maximum speed increase at the 

same power amounts to about 1.7 kts, because of a fairly large 

resistance augmentation due to the existing sonar dome. 

5) It appears that the basic form of bulb is not always required 

to be a sphere, as shown In a comparison between M.59- 10 and 

M.60- 5; or between M. 59- (j) and M. 59- ©• 

6) The attachment of a detector like M.59- (| has little or no 

influence on the hydrodynamlc characteristics. Therefore such 

a form is recoraraended as one of the practical bow forms. 

The author's published ^aper related to the problem in this Appendix 

B: Reference 1. 



mm 

APPENDIX C 

DHP IN STILL WAOER 

The results of the self-propulsion tests in still water 
are shown in Figures A-h  and A-5. The tests were carried out using 
the same propeller. The skin friction correction based on the 
Froude's formula is adopted. The models used are the same models 
as the resistance tests (8 meter wooden models). 

In general, some slight differences of the self-propulsion 
factors are found between the basic hull and the hull fitting with 
a large bulb, but comparing the DHP tests with the aforementioned 
EHP tests, the trends are quite similar with each other. Therefore- 
it is concluded that the hull form to be superior in towing condition 
holds the superiority under self-propelled conditions. 
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APPENDIX D 

SHIP MOTIONS IN WAVES 

The self-propuls ion tests in regular head seas were carried 
out on the four kinds of models, that is three series models without 
bulbs (M.58, M.59, M.60) and a model with a large bow bulb (M.59- ?;)• 
These models were 8.00 meter wooden models, and the longitudinal 
radius of gyration in air was adjusted to 2.0 meters in all models. 

The transfer functions of ship motions or the response 
amplitude operators were obtained from the experiments mentioned 
above. Then the motions of ships, whose length between perpendiculars 
is 115 meters, in irregular waves were estimated from those transfer 
functions and the well-known Neumann's wave spectrum. The assumed 
wave spectrum, corresponding to the average actual sea state, was 
decided by the following method. In the first place, the author 
investigated the relationship between wind velocity and mean wave 
height in average sea states. Next, he tried to substitute the 
assumed partially developed Naumann wave spectrum for the average 
relations between wind velocities and mean wave heights. Hereupon, 
the significant wave heights of the assumed wave spectra are equal 
to the mean wave heights of actual average sea states. Moreover, 
he calculated the ship motions in that assumed spectrum by the 
usually adopted method, that is E. V. Lewis' method.  It is assumed 
that the values calculated by this method are equivalent to the ship 
motions in actual average sea. 

Pitchings in irregular waves corresponding both to the part- 
ially developed average sea states and to the nearly fully developed 
Neumann waves are shown in Figurec A-6 and A-7, respectively. Similarly, 
bow vertical accelerations are given in Figures A-8 and A-9. The x-axis 
in these figures can be converted into mean wave heights in average seas. 
Moreover, the relationship between the mean wave heights and pitching or 
bow acceleration is shown in Figure A-10. Assuming certain critical 
values of ship motions against pitching and bow acceleration, the upper 
limits of the navigable mean wave heights are obtained as shown in this 
figure. 

-12*6- 
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The results show that the large bow bulb evidently has the 

effect of moderating ship motions. For instance, the upper limit 
of the navigable vave heights of M.59- '7 is higher by about 1 meter 
than that of M.59 in pitching in the case of a ship speed of 25 knots 
(see Figure A-10). But, in long waves as in the fully developed 
Neumann waves at high wind velocity that effect is somewhat decreased 
(see Figures A-6 and A-9). 

The author's published paper related to the problem in this Appendix 
D: Reference 6. 



APPENDIX E 

SPEED DECREASE IN WAVES 

The thruFt increase in irregular waves is obtained by the 
Maruo, Tasaki ar.d Taniguchi' s raethoa. Figures A-ll and A-12 show 
the thrust increase in the partially developed average sea states 
and in the nearly fully developed Neumann waves.  These values are 
calculated by the same wave spectrum that is used in Appendix D. 
Then considering the wind resistances, the speed decreases in those 
irregular waves are estimated as shown in Figures A-13 and A-lk, 

In this paper, the speed decrease in waves indicates the 
differences between speed A and B, where A is the ship speed in 
still water, while B is the speed which is maintainable in the 
actual sea states at the same powering rate. 

Generally, it is shown that the thrust increase and speed 
decrease of the ship with a large bulb navigating in rough seas are 
larger than that of the basic hull alone, and that trend is especially 
remarkable in the nearly fully developed sea states, or in long waves. 
Meanwhile, considering the c^ses to be held a certain power in waves 
as well as in still water, the supportable ship speed of the hull "ith 
a large bulb in waves is not greatly different compared with that of 
the basic hull alone, especially in short waves or in average sea 
states. Because the needed power of the hull with a large bulb in 
still water is generally less them that of the basic hull, the total 
power of the hull with a bulb in waves is nearly equal to that with- 
out a bulb, in spite of the fact that the increase in power due to 
waves is rather large.(2) 

The author's published paper related to the problem in this Appendix 
E: Reference ?• 
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APPENDIX F 

TURNING CIRCIE 

The author carried out the self-propulsion tests by radio 

controlled 8 meter models with and without a large bulb, for the 

study of turning circle as well as for the investigation of the 

wave pattern. 

The results of steady turning tests are shown in Figure 

A-15. The larger either the turning radius ratio L/R or the non- 

dimensional turning angular velocity, the better the maneuverability. 

Actually, the points farther from the origin of Figure A-15 indicate 

good performances, departing from the well-known two-dimentional 

relationship more and more. In these tests the same twin-rudders 

and twin-propellers are used in each model. 

The data in this figure should not be used quantitatively 

without making appropriate corrections to take into consideration 

the different characteristics of the propulsive units of ship and 

model. 

The author's unpublished report related to the problem in this Appendix 

F: Reference 8, where a 16 mm. cine-film (colored) is available. 
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INTERACTION BETWEEN SHIP WAVES AND BOUNDARY IAYER 

1«  Introduction 

The  well-known Froude scaling method of analyzing ship model 
resistance data presupposes that the total resistance experienced by 

a ship may be decomposed into two parts: the viscous component D (Re) 

which depends on the Reynolds number, and the residual part Dw(Fr) 

which depends on the Froude number. This was really an ingenious 

suggestion, considering the state-of-the-arts and technical informa- 

tion available at the time this scaling was introduced (more than 90 

years ago). However, the actual difficulties encountered in practical 

applications of the scaling have revealed some ever-perplexing nature 

of this problem. 

The purpose of the present note is to make a preliminary 

investigation on the interaction between ship waves and boundary 

layer by first evaluating, under some nimplifying assumptions, the 

boundary layer in the presence of gravity waves at the free water 

surface. It seems that this approach to the problem is perhaps the 

only means of making estimates of this interaction phenomenon. In 

order to facilitate the analysis involved the approximate method of 

Karman's momentum-integral equation is applied, together with making 

use of some recent developments in the boundary layer theory. With 

the boundary layer  determined, one is enabled to deduce the skin 
friction on one hand, and to attain an equivalent ship form for the 
external potential flow on the other. For simplicity, several 

physical effects which may be pertinent to this problem have not 

been taken into consideration; they include (i) flow separation and 

eddy making, (ii) the change in wetted surface area and ability for 

model to trim, and (iii) the surface roughness. 

The subject of the present study is stimulated by the 

activities connected with the "International Seminar on Theoretical 

Wave Resistance." The author regrets not being able to examine the 

results more fully and hence bring this study to a more complete 

form for presentation. Consequently, only very preliminary results 

are presented here. 

-1263- 
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2. General Formulation and Approach 

A solid body moving through a real fluid, with or without a 
free surface, experiences a resistance. This resistance can  be 
analyzed in several ways. First, by considering the local flow field 
near the body, the total resistance arises as the entire contribution 
of the surface forces exerted on the body by the fluid in contact with 
the body surface. The point of view may also be given to the total 
momentum of the flow "in the large" on the basis of the momentum theory. 
The principle of this approach is that the difference between the total 
momentum flux of fluid ahead and behind the body, including the momentum 
transmitted in the form of surface waves, is equal to the total resist- 
ance. Another quite different form of analysis is obtained by applying 
the principle of conservation of energy to the flow and by examining 
the way in which the work done by the resistance is dissipated and 
radiated.  It may be remarked here that the problem is further compli- 
cated by the presence of free surfaces, 

-♦ 
From the first approach the total force R acting on the body 

may therefore be evaluated from the surface integral 

R = I  (-pn + rn) dS = Rp + 1^ (l) 

S 

where p is the pressure, n the unit outward normal to the wetted 
body surface S, and T is the viscous stress tensor so that f 
operating on n yields the viscous stress at S. It can be shown 
that in the flow of em incompressible viscous fluid with no-slip 
boundary condition, with motion not necessarily steady, the viscous 
stress -rn at the solid surface is perpendicular to both the vorticity 
vector and the surface normal n* and hence is a shear force in nature 
(to be exact,  rn = n (curl q) xn, ^i being the viscosity coefficient). 
In this sense, the total resistance R may be said to consist of the 
skin friction Rf (the surface integral of the shear stress rn)  and 
the pressure resistance R- (the surface integral of the normal stress 
-pn ). For flows of infinite extent, the pressure drag Rp , which 
vanishes in inviscid flow, is due to the pressure distribution being 
modified from the potential flow by the presence of the boundary layer, 
and is usually called in this case the form drag. In the presence of 
a free surface, however, surface waves (such as gravity and capillary 
waves) may now exist to further modify the pressure distribution; in 
this case R- includes therefore not only the form drag of the 
viscous origin but also the resistance which is intrinsically due to 
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wave-maklng.  It may be said that the concept of wave resistance 

arises only when the far-field is brought into the picture; other- 

wise both the viscous form drag and wave resistance are contained 

in the surface integral of (-pn*). The interesting feature of the 

surface wave and boundary layer Interaction is that it occurs as 

a whole entirety. The existence of the boundary layer affects the 

externpl potential flov and its wave system; the waves in turn 

influence the pressure distribution in the boundary layer and hence 

also the skin-friction. Therefore, the shape and structure of the 

boundary layer in the presence of waves must be detennined with the 

interaction taken into account. 

The problem is somewhat more precisely stated in terms of 
the dimensionless flow parameters. Introducing the nondimensional 

quantities 

xj = Xi/i,   q = q/U0,   p* = p/(i pl^),   T* = T/(| pU*), 

(2) 

Fx = F/g , 

where i is a characteristic length and g is the gravitational constant, 

we find that with free surfaces, there naturally appear in the problem 

two flow parameters: the Froude number Fr and Reynolds number Re, 

Fr = Uo/Zgü ,     Re = U0i/v (5) 

Writing (l) in the nondimensional form: 

^ . R/(i pU^0) . J   (.Jjf ♦ i- T,^ dS. ("0 

where S^ = S/S , S  being some representative area of the body, we 

note that p#, T# and hence also R# will be functions of Fr and Re. 

When the flow is assumed invlscid, p«. Is a function of Fr alone; and 

if the wave effect Is insignificant, then T# depends on Re only. 

The interaction comes from those parts of p# and T# that depend on 

Re and Fr both. 

From the viewpoint of conservation of momentum and energy 

applied to a control surface enclosing the body, we note that the 

part of the resistance of the viscous origin (profile drag) will 

eventually appear in the form of a momentum defficiency as a result 

of viscous dissipation and diffusion, a process which is virtually 

confined in the boundary layer and the viscous wake. The asymptotic 



-1266- 

cross section of the wake increases with downstream distance x Dike 
x ''- and x2/* respectively for the two- and three-dimensional case. 
Hence in accordance with the monientum consideration,   the perturbation 
velocity must fall off like x-1'2 and x"2/^,   respectively.    This basic 
feature of the wake is expected not to be altered by the presence of 
free surface.    On the other hand,   the surface waves in steady motion 
are radiated to infinity in a wedge-like sector (for gravity waves 
in water,   the included angle of the sector is about 2 sin"1(l/5). 
Since at a large distance r from the body the wave energy (proportional 
to amplitude squared) is propagated across a circular arc of length 
linear in r at the rate of the local group velocity,   it follows that 
the wave amplitude,  and hence also the perturbation velocity,   falls 
off like r    /2 (except in a narrow parabolic ridge).     It may be 
remarked here that if the wave resistance is determined from the 
waves in this sector but outside the wake,  then it already contains 
a part (not the whole lot) of the interaction and is not free from 
the viscous effect. 

The general approach by which the approximate method of 
solution is sought may be stated as follows.    We consider as a 
qualitative category the class of surface piercing bodies which 
are sufficiently thin in the dimensions lateral to the free stream 
and sufficiently deep in draft,  and the flow being further free from 
separation.    Let the equation of the solid surface be given by 

y = + TJO(X, z) for (x, z) in an area S, (5) 

in a Cartesian coordinate system with the x-axis directed along the 

free stream, the z-axis pointing vertically upward. The ship Is said 

to be thin when | örj/öx | and | öTJ/öZ | are everywhere small, the length- 

beam ratio large and the ratio of beam-to-draft moderately small. 

When the viscous effect is considered for a range of Re of interest, 

let the displacement wucKiieba of the boundary layer over the solid 

surface S as well as in the wake region be denoted by 6#(x, z), 

which is to be determined in the presence of the surface waves. On 

the basis of the classical boundary layer theory of Prandtl, we may 

assume that the flow exterior to the displacement thickness is 

inviscid and remains to possess a velocity potential. We use the 

displacement thickness since physically it is the distance by which 

the streamlines of external potential flow is displaced outwards as 

a consequence of the velocity reduction in the boundary layer. Thus 

the equivalent boundary for the external potential flow is now 

ye = 1 TI(X,Z) - + [T]O(X,Z) + 6#(x,z)] for (x,z) in S' (6) 
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vhere S1 is the area in the x-z plane over which 6# is appreciable 
(approximately the original area S and its extension into a part of 
the wake). The velocity potential of the external flow past this 
equivalent body y0 can be obtained by applying the thin ship theory 
of Michell (1898) or by using Havelock's analysis (1952) or by other 
methods, the solution may be denoted as q = U + gradcp, 

<p(x,y,z) =   [6#(x,z)] (7) 

the above form emphasizes cp being a "functional" of the unknown 
argument function 6# over the entire surface S'. Such solution 
expressed in the Michell form or Havelock form is well known (e.g. 
see Wehausen i960) and hence will not be reproduced here. From this 
solution one readily deduces the stream-wise velocity at the equiva- 
lent boundary of the potential flow, say U(x, z) for (x,z) In S'. 
From the Bernoulli equation of the external flow, one thereby derives 
the pressure distribution 

i 2E '= - U |ü      , (8) 
P TX OX 

the value of which is needed for the calculation of the boundary layer. 
An alternative (and better) means of providing this information is by 
experimental measurements of the pressure distribution over the actual 
body surface; this latter method is applicable even when separation 
takes place. 

In order to take into account in the boundary layer calculation 
the pressure distribution due to the body curvature and the surface 
waves, we apply the approximate method of Kärman-Pohlhausen momentum- 
integral equation which greatly simplifies the analysis. The accuracy 
of the result is expected to be adequate, though somewhat limited. 
Another advantage of using this method is that its adaptability to 
both the laminar and  turbulent boundary layer and that the analyses 
in these two cases are closely analogous to each other. Since the 
velocity U(x,::) determined from the external flow depends on the 
unknown thickness 6# over the entire range S' and since calculation 
of this came quantity 6# from the boundary layer solution depends on 
the local pressure distribution U(x, z), we are led to a functional 
integral equation for 6#. The integral equation, however, may be 
readily solved by iteration, starting with the wave-free solution 
as the zeroth order iteration. Consequently the skin-friction under 
the influence of the gravity waves can be computed. 
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Furthermore, with 6» so determined, the external wave field, 

and hence the wave resistance, can be calculated by the classical 

inviscid theory with the new and equivalent body surface. 

?. The Effect of Gravity Waves on Boundary Layer and Skin Friction 

A complete calculation of the boundary layer for a given body 

which moves in or beneath a water surface and produces gravity waves 

is generally so complicated that it cannot be carried out in practice. 

However, the problem becomes more tractable by applying the approximate 

method of the momentum-lntegj^O. equation of von Karman. The accuracy 

of the approximate solutions so obtained have been found reasonable 

and adequate in previous cases and may be expected to hold valid in 

the presence of water waves. Since the boundary layer equation is of 

the parabolic type, the flow at a given station bears no upstream 

influence.  Consequently we may treat first the boundary layer over 

the solid surface, leaving the viscous wake for a later stage. 

Following the usual notation in boundary layer theory (e.g. 

Schlichting (i960)) the coordinates (x,y) are taken to lie in a 

horizontal plane and to be directed along the mean stream and normal 

to the solid boundary respectively, the z-axis still vertically 
upward; (u, v, w) are the corresponding velocities in the boundary 

layer. The velocity at the edge of the boundary layer will be 

denoted by U(x, z), and at upstream infinity, by U0. We shall restrict 

ourselves to the case of steady incompressible flow and to such a 

class of body shapes and wave profile that the boundary layer in the 

presence of the water waves may still be regarded as quasi-two- 

dimensional. More precisely, we mean that the rate of change of 

the boundary layer flow with the depth of submergence will be 

neglected, and hence, in this sense the vertical distance z appears 

only as a parameter. The shearing stress at the wall responsible 

for the friction drag will be denoted by T0 for both laminar and 

turbulent boundary layers, and for the laminar case 

TO = n(öu/dy)y=0 (9) 

In addition to T0, the other important physical quantities pertaining 

to the boundary layer theory are the displacement thickness 6^ and 

the momentum thickness ©, defined by 

ft, • / U - *)** • - j1 S d - u)dy'  (10) 
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where y,   is taken to be greater than the boundary layer thickness 
6(x, z) which is itself a rather fortuitous quantity.    With this 
notation the momentum-integral equation for two-dimensional incom- 
pressible boundary layers may be written (see,  e.g. Schlichting 
(I960)) 

12-   =    i£ +  (20 + 6#) i ^ (11) 
pU2 dbc U dx 

which allows us to calculate 6^, 0 and T for both the laminar and 
turbulent boundary layers. These two cases will be treated separately 
in the following. 

3A. Laminar Boundary Layer 

In order to take into account the no-slip condition at the 
wall, the continuity at the edge of boundary layer, the effect of 
pressure gradient, as well as the determination of separation, we 
assume, following K. Pohlhausen (1921), the velocity f- ncMon in 
terms of the dimensionless distance from the wall TJ = y/^ '"c, z) as 

2 = F(n) + A(x,z) (Kl|) (12a) 

where 

F(TI) = 1 - (l-Ti)3(l+n),      G(TI) = I % (1-T))3, (12b) 

and    A    is a "shape factor" defined by 

A    .£a^..JL_Ä^ (12c) 
v    dx \ Mu/6 dx/ 

which can be regarded as the ratio of the pressure to viscous shear 
stress. 

Consequently the velocity profiles form a one-parameter 
family of approximate solutions which satisfy the boundary conditions 

u = 0,      v ^H   = i ^    =  - U ^     at    y = 0, 
by2        P öx d« 

u = u,       |r = 0'    0 = 0      at  y = *•       WO 
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These conditions are of particular importance to include the physical 
effects encountered and are all satisfied by the exact solution. 
Substituting (12) In (9) - (10), we find that 

*£-5_  _A_    £__5I  JL  jL    l£ ^ P + A (Ik) 
6   10  120 '   6 " 315 " 9^5 " 9072 '   MU ^   6 

The profile at separation occurs at (öu/dy) = T Ai = 0, or at A = -12. 
In order that u does not have a maximum value greater than U in the 
boundary layer, the range of A with physical significance is 
-12 < A < 12. The stagnation points corresponds to A = 7.052.* 

Following Holstein and Bohlen (1951), it is convenient to 
introduce a second shape factor 

K = Z ^i  ,     B - £ (15) 
dx v 

so the shape factors A and K are related by the universal function 

K . [if . (JI.^.JL)
2
  .     (16) 

A    5     V}15  91*5  9072/ 

By making use of (l^) the momentum-integral equation (11) can be 
expressed in terms of Z, K, U in the highly condensed form 

Ä ■ ifOOj    K = z^ , (17) 
dx   U   ^ dx 

where F(K) is the following universal function 

F(K) = M-11 - ^—|L) fi. jfi * M4- ♦ —)A
2
 
+ -^- v315  9^5  9072' L  515     240  9^5    9072. 

(18) 

As pointed out by Walz (19UI), the function F(K) can be approximated very 
closely by the linear function 

F(K) = a - bK; (19) 

with a = 0.470 and b = 6 the approximation is particularly close between 
the stagnation point (K = 0.0770*) and the point of maximum velocity 

*At stagnation point U = 0, hence from (17) F(K0) = 0 at this point since 
dz/dx does not vanish at the same time. Now the zero of F(K) is K0 ■ 
0.0770, corresponding to A » 7.052. 
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(K = 0). For simplicity the constants a, b will be formally retained 
until their numerical values are needed. With the approximation (19) 
the original equation (17) is reduced to a simple quadrature, giving 

— - airb(x,z) [UUJZ)]*"
1
 d^ . (20) 

We have thus seen that by using the momentum-integral approximation 
and the assumption of replacing F(K) by a linear function of K we are 
able to curtail altogether the complicated computation of the boundary 
layer and finally obtain the momentum thickness Ö in a simple analyti- 
cal form containing only the velocity U(x, z) at the outer edge of the 
boundary layer and the universal constants a and b. 

In case the disturbance due to the solid body may be considered 
small, such as the conventional thin ships, we may write in general 

U(x,z) = U0[l + Ujtel)),   M  « 1> (21) 

here u^(x, z) stands for the nondlmensional perturbation velocity with 
respect to U0. Substituting (21) in (20), we have 

^- = a {x-bxu1(x,z) + (b-1) f  u1(|,z)de + 0(Kn) (22) 
v 

for a point (x,z) on the solid surface. From (15) and (22) we deduce 
the shape factor K as 

U^O2 du-, 

v  dx     bx 

x. 

{x - bxu (x,z) t (b-1) ru1(s,z)d| 

0(u2)} (23) 

Obviously K is a small quantity of first order in u^ Expanding for 
the case of small disturbances, we obtain from (l6) and (ik)  that 

K = kft)  A [1 - 0.009A + 0(A2)] , 
515 

(2U) 

8#/v 2.55 [1 - O.OI88A ♦ 0(A2)] - 2.55 [1 - 1.36K + 0(K2)]. 

(25) 

I 
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Comblnlng (22) - (25),  ve readily obtain the displacement thickness 
as 

  x 
6#-2.55v/ij£   {l-(l.36)a|iil.^u1 + ^li    Tu^zMl+0(u*)} 

Y    uo dx       2 dx     ^ o 
(26) 

where U u.  Is the perturbation x-veloclty of the potential flow at the 
solid surface of the equivalent body of shape ye = T|0(x, z) ♦ 6#(x, z). 
Since the solution u^ depends on the body shape ye,   (26) gives the 
Integral equation for the unknown displacement thickness 6*.    For the 
case of small disturbance,   this Integral equation can be solved by 
Iteration.    By taking    0^°^ = (2.55) ^avx/U^  which Is the flat plate 
solution,  as the zeroth approximation for 5« In the expression for u^, 
(26) yields the first Iteration 8^    .    This permits the process to be 
repeated Iteratlvely for the solution of 5».    In practical cases It 
Is expected that the first Iteration may be accepted without any 
appreciable loss of accuracy. 

The local skln-frlctlon coefficient C^ can be derived from 
the above result,  giving 

^'-i^-ffxyd-j-^^i 1 + 

ÖU +    (5.39) ax   ^ + 
ox 

(1 ♦ 1)^ - |2L jT u1(t,z)de ♦ 0(u*)| 
o 

(27) 
The total skln-frlctlon drag,  defined by 

o i(z) 

V.-Jä—i-   Tdz 1 CD, ^ L—= i_      /   dz    /       Cf(x,z)dx 
ipu0

2s0    s0   j        J        ^ 
(28) 

-h 

with D- denoting the total skln-frlctlon drag and S0 the total wetted 
surface area,   can be obtained by Integration of C^,  giving 

o ' 

o    o -h 
i i 

1 - l^a - 0.2^b       f ^1 ds + b,!    f     {ifZ)äLA dz. 

(29) 
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This is the general result of the total skin-friction drag obtained 
from our small perturbation theory on the basis of no flow separation. 

In order that in the limit as u^ -» 0, the above solution Cp« 
will reduce in the two-dimensional case to the exact solution of 
Blasius, namely, 

Cr,  = l.?28  -L- (30) Df ü i ' o 

we shall take a = 0.50,  b = 6 which give the corresponding displacement 
thickness R#   4.6^ greater than the exact solutions. 

It may be remarked here that if more accurate results are 
required for bodies not too thin,  especially when separation is known 
to exist,  the above method of approach can again be adopted in principle 
as the basic procedure for the numerical calculation. 

3B.    Turbulent Boundary Layer 

Up to the present time the phenomena of turbulent boundary 
layers with pressure gradient and with possible occurrence of separa- 
tion has been regarded as a very complicated subject and are still far 
from being completely understood.    There are however several semi- 
empirical methods which can provide fairly satisfactory results.    To 
begin with,   some of the salient features of turbulent boundary layers 
are noteworthy.    It has been observed experimentally that the shape 
of the velocity profile depends very strongly,  much more so than the 
laminar case,   on the pressure gradient.    Furthermore,  no general 
relationship between shear and dissipation in turbulent flow can be 
derived by purely theoretical considerations  (the linear relationship 
between T0 and the slope of mean velocity öü/öy,   as analogous to (9)/ 
is no longer valid in tiirbulent flow),   it is necessary to introduce 
an additional assumption which can be Justified only by experimental 
observations.    This partially explains that the integral forms of the 
momentum and energy equations are about the only means for calculating 
turbulent boundary layers.    In the following we shall adopt the 
approximate method due to Buri (1951) which is analogous to Pohlhausen's 
method for laminar flow case and hence is of particular advantage to our 
consideration. 

As no specific relation is given to the shearing stress T0 in 
(11),   this momentum-integral equation holds valid for laminar turbulent 
boundary layers alike.    Same as in the laminar case,  the momentum thick- 
ness ö and displacement thickness 6* ,   defined by (10),  are used as the 
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characteristic dimensions of the boundary layer. As to the shape factor 
for turbulent boundary layers, we may choose, following Buri, the dimen- 
sion less quantity 

r  =   £ ml/n ffi ,     nmk, 
U    v dx 

(31) 

which is analogous to the factor K (with n = 1) of (12c) in the 
laminar case.    Based on the measurements of Nikuradse,   turbulent 
separation occurs when r ~ -0.06. 

One essential difference between the laminar and turbulent 
momentum-integral equation is that in the latter case one must attain 
separate information of T0/pU     and    6#/ö.    Following Buri,   we assume 
that 

and 

To    =   f (r) A"1/11 

H  -  -1- f2(r) 

(32) 

(33) 

where ^ and fg are functions of the shape factor r only. Then the 

momentum-integral equation (ll) reduces under these assumptions to 

L. | 9 (US)1/" , . F(r) . 
dx    v 

where 

F(r) = ati r^r) - [2 ♦ i ♦ 2ti f2(r))r. 

(3^a) 

(3^) 

Like the previous case of laminar boundary layers, the universal 

function F(r) is also very nearly linear, or 

F(r)   .   •• -vr-.' - b'2 (üi)1/" |u 
U    v dx (35) 

The apprcximation enables (5^) to be integrated in closed form: 

Q^l/n u u-b'[A+ a.     f    ub,(^,z)d|] (36) 

x-x. 
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ln which xt is the point of transition from the laminar to turbulent 
flow, and A is a constant which can be determined from the value of 
0 of the laminar boundary layer at xt. 

In turbulent flow we have k < n < 6 for 5 x 10 < Reg » 
Uo0/v < 10^, where n « 4 is valid for the lower end of this range 
of Reg and n gradually increases to 5, 6 for larger Reö. For a 
satisfactory over-all approximation we may take (see e.g. Schlichting 
(I960), p. 572) 

n - 4, a' - 0.016,  b' - k,0,      Mr) ~ 0.0128, 
(57) 

n - 6, a' = 0.0076, b' » 3.67, fi(r) ~ O.OO65. 

The ratio H ■ 8^0 can also be used as a shape factor (for its calcu- 
lation see Schlichting (i960), ch. 22). With the flat plate, H ranges 
from 1.3 at low values of Ree to l,k  at high end of Ree. Separation 
occurs at H ~ 1.8 to 2,k, 

In the case when the boundary layer does not separate the 
momentum thickness 6(x, z) can be calculated from (36) with the above 
serai-emplrical results; this essentially completes the calculation 
of the turbulent boundary layer provided U(x, z) is already known. 
The local coefficient of skin friction can be obtained from (32) as a 
first approximation. A more accurate result is probably given by the 
empirical formula of Ludwieg and Tillman 

lo  . 0.125 x IO"0-^8
« (US)0-268 , (58) 

after the factor H is determined. Finally, the total coefficient of 
skin friction is obtained by integration. 

For the particular case of small disturbances, one may 
proceed in a similar manner as the laminar case to obtain 0. We 
also obtain an integral equation for 5», which can again be solved 
approximately by iteration. From this solution one further deduces 
the local skin friction and the total skin-friction. The details of 
this procedure and the formulas involved, however, will not be ex- 
plicitly given here. 
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h.    Flow In the Viscous Wave of the Obstacle 

Investigation of the flow in the viscous wake of the wave- 
making body is also essential since without such knowledge the region 
of the external potential flow downstream of the body will be left 
undetermined, and consequently the problem of form drag and wave- 
making resistance will not be completely specified. It is known 
that the form drag is in general very difficult to compute or to 
make direct measurements, even in the absence of free surface. An 
indirect, but useful methods of determining profile drag (skin- 
friction and viscous form drag) is based on the relationship between 
the drag and the velocity distribution in the wake. In principle it 
can be used only in two-dimensional and axi-syrnmetric cases. However, 
we shall assume that the draft is so large that the effect of the free 
surface and the lower end of the body is relatively unimportant. We 
further assume that the flow may be considered quasi-two-dimensional 
in a distance of several body lengths downstream so that the coordinate 
z again plays the role of a parameter. Moreover, we re-iterate our 
assumption that the flow is not separated. 

The problem of the viscous wake behind a solid body was first 
treated by S. Goldstein (1950) for the case of a flat plate. The cal- 
culation was made by the stepwise finite difference method, using 
Blasius' velocity profile at the trailing edge as the known initial 
condition. 

Although the near wake field is very complicated, the 
asymptotic solution for large distances is easy to calculate and is 
known to be independent of the body shape, except for a scale factor. 
Since far away in the wake p recovers its free stream value and the 
nondimensional perturbation velocity u^ = (u/U0 - l) is very small, 
Oseen's approximation is Justified so that 

(59) 
dy- 

The boundary conditions are 

^ul^0) = 0   and  u^x,«) = 0       (ko) 

The solution for the laminar wake is readily obtained and can be shown 
to be 
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-v! 
ÜB i^£^2      55 

1 4     vrvx/' 
u.    ,    .?    "air    e    "-   , (41) 

w 
where Cjj is the coefficient of profile c.rag (sum of skin friction and 
viscous form drag,,  based on UQ and    i).    In the absence of free surface 
CJJ is the total drag coefficient and,   in particular for the flat plate, 
it is identical to Cpf.    For arbitrary body shape,  u-j_ is therefore 
proportional to C^,  the only scale factor in {kl) which cannot be 
obtained from the asymptotic considerations alone.    From the above 
result we immediately deduce the asmyptotic property of the displace- 
ment and momentum thickness defined by (10) (note that they are 
referred to half side of the wake in this case) 

e/i = R»/!   -    Co*/1* (42) 

which is valid for Vvx/U  large compared with the body length I. 
Therefore far downstream 6# and 0 become both equal to Cp/U, which 
is a known result. 

In the region Immediately downstream of the trailing edge 
of an arbitrary solid body, the effect of pressure gradient is of 
considerable Importance, To take this effect into account it is 
convenient to apply again the momentum-Integral equation (11) which 
is valid also for the wake flow provided T is set to zero. We shall 
consider briefly this approximate method^ taking into account some 
more recent results. The momentum-integral equation for the wake 
flow is thus 

iÄ* (H*8) i^=o (43) 
Ö dx U dx 

where H = 6*/ö» and ^ x-axis is now directed along the center-line 
of the wake. The previous calculation of the boundary layer over the 
solid surface enables one to evaluate the displacement thickness 
6#p the momentum thickness 0-, at the trailing edge x - x, and hence 
Hl =: &l/0l in terms of ßi^n U(x),  Integrating (43) from the trailing 
edge (x - x^) to a station x( >x1), 

H(x) 

log 21*1 + log [U(x)]  - log [Uj 1  =  / [logU]dH, 

H=H1     (M0 
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I 

or 
H+2 ^ 

«1 -FJÄ-l    .XP{ fiog (2-) a) 
i      L u(x) J I J "i        J 

Hi 
0. 

(^5a) 

For x sxifflclently large,  0 ■ 0 . U ■ U    , H   « 1,   hence from {kk) 
ve also have 

Ul 
(Hi+2) 

exp |    J    106(1.) dHJ . {k*) 

H, 

Squire,  based on experiments,   Introduced the following empirical 
relation 

losdJjU)    =    logCUop/Ui) const. 
H-l Hi"1 

(^6) 

Consequently we obtain 

C(x) = Ui 

Lu(x)J 

-,(H+2) | di-i^Aii-i) 
(■»?) 

and ^ 

(W) 

In the last result H^ may be approximated by its round-off value 
Hi ~ l.U. 

Summarizing, we note that (O^/i) csn be evaluated by the 
previous method (using the appropriate value of n). A practical 
method of determining (U^/U,,,) is from a reading of the static pressure 
at the trailing edge. When the flow is free from separation, Uj/U,,,, 
in general does not differ appreciably from unity. The profile drag 
coefficient Cj = CD + CD (form) is therefore given by (^2) and (^8), 
from which the form drag is deduced by further subtracting Cp^. 
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Finally, it appears necessary to obtain an approximate 

estimate of the displacement thickness 5*. of the wake so that an 

equivalent boundaiy can be hopefully attained for the external 

flow. In the opinion of this author;, this is perhaps the most 

difficult part of this problem. It should be remarked here that 

first, the wake at large distances is almost completely diffused 

and hence the concept of displacement thickness loses much of its 

original significance for the boundary layer over a solid surface. 

Even when the original significance remains valid for the wake, 

it is difficult to interpret the external potential flow as one 

past an infinite half body, as clearly suggested by (^2). Whether 

the equivalent body should be open (semi-infinite) or closed has 

not been definitely settled. 'The issue is further perplexed by 

the finding that the wave drag is quite sensitive to the change 

of body shape of this kind (see, e.g. Weinblum (1958). Therefore 

the author is led to derive the contention that further systemic 

efforts are needed in order to clarify this point. 

As an untested though the following suggestions may be 

mentioned. In the extension of the displacement thickness as the 

equivalent body surface from the trailing edge into the wake, it 

is thought to be important to have the streamline continuous in 

slope at the trailing edge. For simplicity let us consider the 

case the body has a pointed trailing edge with an included angle 

2 dtp Then we assn-e that not only 6* but also its slope are 

continuous at the trailing edge (x - x^ in the actual flow. The 

latter condition requires that 

$) ■ if) -^s-1' ^ vix /+   \cLx /. ■L 

where the subscript + denotes x ■ Xi+ 0, the va]ue 6-^ and (dB*/dx)_ 

at x = x^ being given by the boundary layer calculation over a solid 

surface. The continuity of bt  and condition {ky)  may be incorporated 
into further consideration concerning the problem of the equivalent 

after body, whether It will be open or closed. For example, if m^ 

of (U9) is positive and if the aft-body is chosen to be closed, then 

a possible profile for verification would be 

5*(x) ■ 6^ e^l^-3^  for x > X! .      (50) 
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5. The Boundary Layer Effect on Wave Profile and Wave Resistance 

The classical theory of surface waves generated by a floating 
or submerged body Is based on the assumption of potential flow of 
Invlscld fluid. Following our earlier development we shall assume 
that the potential theory can be applied provided the equivalent body 
surface Is used for the potential flow boundary. We note here a 
further Impact of the problem of "a closed or open aft-body." As 
long as the viscous effect alone Is concerned, perhaps this problem 
can be considered together with the viscous form drag. In the presence 
of also the gravity effect, and hence the wave field, one Is further 
confronted by the problem of optimum approximation of the equivalent 
boundary In the wake so as to yield the best approximation of the 
wave field and hence also the wave resistance. 

Suppose the equivalent body surface ye = TJ = TJ + Ö* has 
been determined for 0<x<i,(z), -h<z<0, (i' =» for the open 
aft-body) then the corresponding wave resistance, which Is well known 
from the thin ship theory, Is 

R^ - i puf«2 / {^(t) + j2(t)} -^j ,     (51) 

1 
o 

where K ■ g/U0 , 

Kt) .   0   lr(,Lta rcos (,txt) ^1 
[ = r dz /  eKZt \ f(x,z)dx 

and 

J(t) J        .Jh    0
J        ^ sin (text) 

(52) 

f(x,z) . al.^B^is = f0 + f# .        (5^) 
'ix bx       öx 

?lnce the wave resistance is quadratic in f, therefore symbolically 
this result can be further expressed as 

Do » £ P"^2 / {♦*) ♦ J20(t)} -£$;• (5Ua) 
1 

00 00 o 

D:   I puV f  {i0(tU#(t) ♦ J0(t)j#(t)} -~|= (5^) 
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where f(x) - f^x) + f#(x) = d(Ti0+6#)/dx, x = i» is the terminating 
point of 6^ and 

KZtd     Sin (KXt) ,    f  KZt  cos (nxt) 
—7—A—W- dt - / e    .  ,j       r- dt 
Jl  - t*     J       v/t^ - 1 

- i  T t sin (KXt) dt f  t cos(^? ♦ 2 sln(Kza} da   (5Tb) 
71 ^ nJ   (^ ♦ a2) N/t2 I a2  ö 

The ahove solution is expressed In Mlchell's form. The function G(x,z) 
can also be given in Havelock's form, the latter will however "be 
omitted here, 

6B. Displacement Thickness and Skin-Friction 

By substituting (57) in (26), we obtain an integral equation 
for 8*. for the part of boundary layer over the strut surface, which can 
be solved by Iteration. The problem of 6# in the wake will not be 
pursued further here. The value of the skin-friction can now be cal- 
culation from (29). 

6C. The Wave Resiscance 

The wave resistance of an infinitely deep strut is given by 

k  .„2 dt 
Rw = ^pUo  / [A^Kt) ♦ B^Kt)] t2>J^zr1 (50a) 

where 
A(k) 

B(k) ■/ 

I- cos kx -N 

f(x) J       [dx 
^ sin kx ^ 

(58b) 

and f(x) = f0(x) + 5#(x). Now 

A0(k) = Jf0{x)  cos kxdx - I {-sin ki + |j (l- cos k/)}   (59a) 

B0(k) = jTf^x) sin kxdx = I {l+ cos k/ - -| (sin ki)} (59b) 
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00 

n J 
1 

{!*(*) 
t2tlt 

J»(t)> T^T       (5Ue) 

In which I ,   I# are defined in the same way as I of (52) except with 
f replaced by f0 and f# respectively; and similarly for J0 and J#. 
Here D0 is the classical Michell's ship resistance,  D^ is the drag 
due to the cross term of body-boundary-layer    interaction,  and D2 
is the contribution to the wave resistance from the boundary layer 
displacement alone.    For vanishingly thin flat plate moving parallel 
to itself,  D2 is the sole contribution to wave resistance.    For 
ordinary cases however,  D2 is in general insignificant compared with 
Rw.    In order to give a rough picture of its effect,  we list in the 
following the values of 6# over a flat plate 

(i)    laminar case      6#(x)    =    1.72   >/vx/U o    » (55a) 

(ii)    turbulent case 8„(x)    = 
V5 V5 

0.046  (r^-)       x      ,   5 xl05< FL    <107 
uo x 

(55b) 

6.    Example - Lenticular Strut 

As a simple example we consider a lenticular strut with 
profile 

•o 

so that 

n0(x)    =   i x (i-x)      for      0 < x < i,     -h < z < 0 (56a) 

t0M     =     ÖTJ^ÖX     =   €(1   -   2x/i) (56b) 

where € is taken to be small, the draft h is chosen to be deep enough 
to permit using the infinitely deep strut to approximate the wave 
reListance. 

6A. External Potential Flow 

Since only the longitudinal component of the potential flow 
velocity at the body surface is needed, we cite the result of the 
dimensionless perturbation velocity u^ defined by (21), in the 
following: 

/ 

ujU) = J rft) G(x-e,z) at (57a) 
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I        V 

A#(k)   =J*J   Mx) cos ^^ ■ V + ^ 
o     i 

B#(k)   =    /  + J   8#(x) sin ^^ = ^ + B»2 
o       i 

(60a) 

(60b) 

Since the value of 8# in th-. wake (i < x < i1) has not been definitely 
determined,   the contribution of A#p and B#p to the wave resistance R^ 
will not be included in the following discussion.    As a typical example 
we shall treat below the case of laminar boundary layer only. 

Substituting (55a) in (60a,  b),  we obtain from (58) - (60) 
the following result: 

W^   =    D0 + Di + D2 = i pUoi2 {€2I0 + €b£l1 ♦ Ö^I2} , (6la) 

12 

7? 

6/2 

{ß2 (1 ♦ cos ßt) - Üf sin ßt + 1. 1 - ^5 tt| ^-P^, 

(6lb) 

1 
' di__   r ßt cos(ßt 

j:ß    J       NTI     J 
o l 

ß 

00 

2« 

lt/2).tsin(et/2) sln[at( .i)]dt 

\ t    >/t2-l 

(6lc) 

■ fli   r r cos ßt (x2-^2) dxd^   (6id) 
1  1 

o    o 

where ß   =    ki = gi/Un    =    l/Fr£ 

Bi ■   l-7a  ^fi ■ i-?2 «ij 
-1/2 

(6le) 

(6lf) 

The integral in (6lb) can be carried out completely in terms of Bessel 
functions as 

!  .  8 d + 16 j _ 32   (1 + ^ 2 + i_ ^ ( j + 6^ d + 4 
0   nß2 v   5?  5ß2    16    52   0    5?    16 

ß^ 1 Q2' ♦ ^(ß) -«(i+f r)[i («v« - Y^ß^cß)] 

(62) 
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where Yn(ß) denotes Weber's function and  n(ß)i Struve's function, 
both being already tabulated. The integrals 1^ and I2 can also be 
integrated further in terms of special functions; they are however 
less practical than the present form for computation. For large or 
small values of ß, it is convenient to use the following asymptotic 
expansions: 

(i)   For ß large; 

I   ~ o 8    {l ♦ -4 + 2 •./l* [cos(ß ♦ f) - ö sin(ß ♦ &)] } 
n? 5ß2     1* V ß k       Qß U      J 

(63a) 

IT   -V- sS* /L. IÜZÜ - -JL- ♦ _^_ I&hl 
fp'2   S/2   r(5A)    3n>rß    ikfw  r(7A) 

-   —4B    [sinß + -^ cos (ß + i ) + L. cosß ♦ OC-^)] 

(63b) 

I   .   52- (1 +     8    [1 + ^L (sinß - 42 cosß) ♦ 0(1);)    (63c) 
52ß I       3^ V2 8ß ß572 ^J 

(ii)   For ß smallL 

1 . £ {do« jjKi - £) + i [7 - -d ß2 + o(ß4) "I (64a) 

In ~   -Vli (^g—)(1 - A + 0-559 - O.O^ß2 ♦ 0(ß1*log ß)|    (64b) 1       «>/2  b Cß 55 J 

T   ^   ^ - £-   ((Id 4) (4 - ■i^) + 1-815 - 1.068 log2 - 0.044ß2) 
*2       2ä     Un    V        Cß     15     1575 J 

(64c) 

In Equations (64a-c), C is the Euler constant C = e7 = I.781. The above 
result is plotted in Figure 1 with the results of the asymptotic formulas 
shown in light lines. The salient feature is that all Iol I1 and Ig 
depend on the Froude number, Fr = ß" ' , alone and their variations with 
ß show differences, especially the dependence of Ig on Fr for moderate 
and large values of Fr. 
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DISCUSSIONS 

by Lawrence W, Ward 

I have read Dr. Wu's paper with great interest as it bears on 

a question which I feel is important.  Now that we have arrived at the 

last day I wonder if we are any closer to defining wave resistance in a 

real fluid.  Perhaps the statement by the author on page 5 indicates the 

difficulty and wave resistance can only be defined in terms of behavior 

in the far-field. Even here there is no assurance that the wave resistance 

will not depend on the Reynolds number nor the viscous resistance on the 

Froude number, in fact we know there will be a noticabie effect in each 

case. There are two main reasons for trying to break the total resistance 

into useful categories namely (l) scaling model test results and (2) 

understanding the phenomena involved, the latter being necessary for intel- 

ligent design.  I think all that we can do now is to accept the fact that 

in a real fluid the two goals lead to different breakdowns which are re- 

lated and hope in the future that these relationships can be established 

in a useful way.  I append a table which I hope illustrates the present 

situation in regard to the above. 

VARIOUS BREAKDOWNS OF SHIP RESISTANCE 

Dimensional 

s— 
Froude Modern Froude 

Cf - Skin Fr: 

Form 

Eddy \ 

Wave / 

Tests __ 
Required 

(Hughes) 

Vectorial 

(Eggert) 

iction\ J, /,  J  f   I     | 
I CfU+r},  I Tangential; 

Friction 

Plank 

Pressure 

Geosim 
tests 

or 
Submerged 
Double Model 

Survey at 
Hull Surface 

Conceptual 

! Viscous-C 

Wave-C 
,' 

Survey at Control 
Region Away 
from Hull 
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by Dr. Gadd 

I should like to make a few remarks on Professor Wu's paper. 

Firstly he has assumed in his calculated example that the dis- 

placement thickness has values close to "flat plate" values right up to 

the stern.  In a real case the boundary layer near the stern must be at 

least fairly close to the condition of separation. This is because sterns 

are usually wedge shaped, rather than cusped, so that if the boundary layer 

remained thin at the stern something approaching a stagnation point would 

occur. However no real boundary layer could withstand a pressure rising 

up to something close to stagnation pressure. Therefore, the boundary- 

layer must smear out the corner at the stern, either by separating or at 

least by thickening rapidly in this region. 

It follows that the wave-induced part of the pressure gradient 

may become very significant and introduce a highly non-two-dimensional 

effect near the stem, even to the boundary layer on a vertical strut of 

infinite draft, the ca.n considered by Professor Wu, This if the wave 

alongside the body is ■ Jh as to introduce an additional adverse pressure 
gradient near the stern, aggrarating the boundary-layer thickening effect 

already present due to the strut shape, it may well suffice near the sur- 

face to push the boundary layer over the cliff, as it were, into the con- 

dition of separation, whereas at moderate and great depths the boundary 

layer may only be approaching separation. 

Once three-dimensional effects have been introduced, the two- 

dimensional momentum integral equation for the boundary layer becomes 

quite inapplicableu Thus for the careful experimental results of Klebanoff 

and Diehl, on supposedly two-dimensional turbulent separation, application 

of the momentum integral equation yields the ridiculous result that the 

skin friction increases towards separation. This is almost certainly to 

be attributed to the flow not being perfectly two-dimensional, even though 

the greatest pains were taken to try and make it so. 

It seems to me, therefore, that the real problem that needs to 

be dealt witn concerns the highly three-dimensional flow of a turbulent 

boundary layer near the condition of separation. Accordingly, much though 

I admire Professor Wu's skill in solving the two-dimensional problem of a 

boundary layer far from the condition of separation, I cannot see that it 

has a very close relevance to ship hydrodynamics. 
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by Dr. Timman 

I greatly enjoyed Professor Wu's statements.  It made me 

think about the things you do when you try to work out the boundary 

layer first which has its recourse in the potential flow; and of 

course the potential is more complicated here. I was also inclined 

to think about some of the boundary layer phenomena you meet when 

you consider a boundary layer along a wavy wall. Of course this is 

not a wavy wall, for the waves are in th- fluid, but there you get 

quite peculiar phenomena. Now there are some calculations made by 

Gertler before the war, and now recently, I believe, by Professor 

Weinblum. These show that if you have a wavy wall then you have 

promoted pressure gradients and adverse pressure gradients. Thus 

you get earlier separation than if you Just took the smooth flow. I 

am not qidte sure that phenomena like this would not be met here so 

that even if conditions were favorable — and I tend to agree with 

Mr. Gadd that they are not favorable here — I think you will get 

local separation phenomena which will of course effect the wave motion. 

Now this is all too detailed to take account of in this first study. 

I expect that ^here will be boundary layer interaction between the 

outgoing waves and the boundary layer behavior itself.  Once separa- 

tion dofct' occur you will get much stronger interaction.  It is some- 

what like the supersonic interaction which takes place between a 

shock wave and a boundary layer.  These things become increasingly 

difficult as you try to include a greater number of effects. One of 

these that you must take into account is the three-dimensional 

phenomenon, though I am not sure that it will be so overall important, 

for this whole wave influence dies down if you go inside the fluid. 

I am inclined to think that these wave phenomena I spoKe of would be 

of at least equal importance to the three-dimensionality for the sur- 

face wrves we are concerned with.  As far as I know this is the first 

time that anyone had the courage to undertake this problem. 

I want to compliment Professor Wu on his courage and his 

initiative to undertake this problem. 

i 
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AUTHOP S REPLY 

First^ T should like to express ray sincere appreciation for 

the comraents and remarks made on my paper, and to the discussors for 

their interest in this work. Professor Timman's observations are 

particularly encouraging to me, and, I believe, to those who are inter- 

ested in this problem; I hope we can devote a continued effort to an 

Investigation of the viscous effects on ship waves so that some day we 

may further our knowledge on this subject to a state of being fully 

understood. 

I wish to qualify the present work as a very preliminary effort 

since obviously there still exists an erronous gap between this very 

simple consideration and the eventual applications to real ships. In this 

respect I must say I fully appreciate Dr. Gadd's canment in point out some 

of the basic difficulties which are confrorting us and which we must solve 

truthfully if we are to achieve a good understanding of the physical prob- 

lem. I believe, however, that it would be fruitful to take sure steps 

first before we can attempt a leap to the final goal, to single out, as 

few a number as possible, the complicated effects, such as the thickening 
of the boundary layer near the stern, possible separation of the flow, 

turbulence, three-dimensional effects, etc., rather than tackle all 

these effects at once, It is my hope that under controlled environments 

we may be able to adopt for experimental purpose a sufficiently thin 

strut, to select a suitable range of the Reynolds number and the Froude 

number such that a laminar boundary layer can be realized over the entire 

strut and fhe flow can be kept from separation  It is for this idealized 

case that the much simplified assumptions introduced in this work are 

proposed to strive for a possible solution in order to establish a first 

base of our objectives and to test out the soundness of this approach. 

It is certainly true that if the flow is separated from the hull, then 

scane sort of wtke flow analysis must be incorporated; if the three- 

dimensional effect is dominating the boundary layer flow, then a stream- 

strip theory, or some other method, must be introduced. This work would 

lose much of its original hope if it is proven that under no condition 

the flow can be kept free from separation and being influenced by the 

three-dimensional effect in the boundary layer flow, 

I am indebted to Professor L. W, Ward for his proposed various 

break-down of ship resistance in the light of the present state of the 

art. 
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INTRODUCTION 

In a perfect fluid there is no scale effect on the wave 

resistance. But, in a viscous fluid, the wave resistance depends, 

not only on the Froude Number, but also on the Reynolds1 Number. 

Since, in general, viscosity tends to decrease the wave 

resistance, this causes an increase in the wave resistance of the 

ship as compared with that of the model. 

Hence the calculation of the wave resistance in a viscous 

fluid is of immediate practical importance. 

In Reference 1 the writer has compared the wave resistance 

in a viscous fluid, calculated by Havelock's suggested approximation, 

(Reference 2) with actual discrepancies between calculated wave 

resistances and those estimated from model experiments, and in 

Reference 3 has given the approximate shape of the curve of correc- 

tion to the calculated ship resistance in the case of a very long 

ship. This correction increases with the Froude Number up to a 

maximum at a Froude Number of about 0.27, and thereafter falls 

nearly to zero at a Froude Number of 0.^5• There is some experi- 

mental support for such a curve, in particular may be quoted as 

diagram by Emerson (Reference 7)«  In the present paper Laurentieff's 

method (Reference 4) of calculating the resistance in a viscous fluid 

has been applied to a model, it is found that, as originally stated 

by Laurentieff, this gives changes due to viscosity which are much 

too small. The theoretical error here has been detected, and when 

a correction is applied the results are of the same type as found 

by Havelock's method. 
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GENERAL DISCUSSION OF LAbRENTIEFF'S METHOD 

His method of attacking the problem is to apply Michell's 

integral to the outer edge of the boundary layer and not to the 

form itself (see P igure on page 128^). 

He assumes the thickness of the boundary layer to be 

independent of the depth, so that there is a discontinuity at 

the keel equivalent to a small flat bottom to which Michell's 

integral cannot be applied. This is not likely to affect wave 

resistance at low speeds, but may cause some difficulty at higher 

speeds. 

The main objection to this procedure is the application 

of Michell's integral to a form which is open at the after end, 

whereas it should be applied only to a closed form. Laurentieff 

suggests that this is equivalent to assuming a very long wake 

behind the body of the '•ame width as the boundary layer at the 

stern. But the objection to the use of Michell's integral in 

these circumstances still applies. 

The motion is referred to Cartesian axes (X,y,Z) parallel 

to those usually employed, but with the origin at the bow instead 

of amidships, and with the direction of the axis OX reversed, so 

that the relation between Laurentieff's coordinates and those 
generally used are 

X = L/2 - x 

Y =  y (6)* 
Z =  z 

where L is the model length. Writing also B for the model beam, 

and T for its draught, and denoting the Reynolds' number by Re, 

the thickness of the boundary layer at a distance X aft from the 
bow is assumed to be 

t = 0.0924 (L/2)(X/L)1*/5 .R/1^5     (7) 

There are no Equations (l) to (5), the numbering starts with (6). 

-1296- 
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From this point we shall alter slightly the notation used 
by Laurentieff, both to simplify the reproduction, and to avoid con- 
fusion with the notation previously used. We shall introduce the 
symbol k = g/v , where v is the model speed. We shall also denote 
the Froude number v/ VgL by N, instead of using the symbol F as 
does Laurentieff. 

His Equations (6) and (8) for the wave resistance of a 
model whose equation is Y = F(X,Z), found by integrating along the 
outside of the boundary layer in order to allow for the viscosity 
then become 

R = 
ites? 
nv' 

12 n/2 
(I" ■»• J2).sec5Ödö + 2  r(l.I1+ J.^) 

«/2 
+ /(Ii + Ji).sec3edÖ (8) 

. sec-^ödO 

where 

I = 

J = 

Il = 

Jl = 

kZ sec 0 
(ÖF/5X) e '    .cos(kXsecO).dX.dZ 

kZ sec Ö 
(5F/5X).e '    .sin(kX.secö).dX.dZ 

(et/toO.e1^*860 ö.cos(kX.sece).dX.dZ 

.    2Ü ) 
(öt/SX^e^*560 e.sin(kX.secö).dX.dZ ) 

(9) 

the double integrals being taken over the central plane of the model. 

For a model with a rectangular central section, i.e. with bow 
and stern both vertical posts, the values of I]_ and J]_ become, as in 
Laurentieff's Equation (8b) 

l/s 2    L 
-O.O7UL '^  /n  _-kT.sec Öx  r«-l/J 

k.R 1/5 
.(1 - e 

-O.O7UL 1/5 

k.R T75" 
(1 - e 

-kT.sec 9 

)  rx''L/^.cos(kX.secö).dX 
o 

r -1/5 
) / X   .sin(kX.secö).dX 

o 

(10) 
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These equations may be put into a more suitable form for calculations 
by the substitution P = X/L, A = kL.secö, D = kT.sec 9 when they become 

1 
-O.OT^L 

k.R 1/5 

-O.OT^L 

• (1 - ■»,/ P 
/ .cos(AP) .dP 

(11) 

J! =      / . (1 - e' ) f P'l/5.sin(AP) .dP 
k.Re ^ y 

In Equation (8) the first integral represents the wave resistance in a 
perfect fluid. The other terms represent the effect of viscosity. 
From Equation (11) we see that, in it, the second integral contains a 
factor Re ''', while the third integral contains the factor Re '-'. 
It follows that for all usual values of the Reynolds number Re the 
third integral is negligible. The additional resistance due to 
viscosity is then given by 

r = Sßgl 
rt V 

n/2 

(I.I-L + J.J-L). seeded© (12) 

To calculate this additional resistance it is necessary to evaluate 
the integrand in this equation for a number of values of © and then 
to find the value of r by approximate integration. 

In order to calculate the integrand we have to know the 
values of the functions 

and 

K-^A) =  / P'^.cos (AP).dP 

K2(A) -  Tp'^.sin (AP).dP 

(15) 

which are factors in I-j_ and J-^ respectively. 

These have been calculated by use of a digital computer for 
values of A less than 25.0,   at intervals of 0.2,   and to five signifi- 
cant figures. 

^—• 
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For values of A greater than 25 use has been made of the 
relation . 

Vl/5 
A. ^K^A) = (A - n) / .^(A • «) ♦ T  .cos(X).clX   (lU) 

(A-n) 

and the corresponding relation for KgCA) to calculate for a number 
of higher values of A. The remaining integral in Equation (l4) was 
calculated by approximate integration. 

The accuracy of this calculation was checked by using it 
to give calculated values of the functions already computed, and at 
values of A about 25 the error was never as much as one per cent, and 
generally much less. The values of K^(A) and ^(A) thus found are 
tabulated in the Appendix. 

Numerical Calculations Already Made 

These equations have been applied to Model 829 whose equation, 
in the usual co-ordinates, is 

y = b(l - x2/a2)(l - 0.2x2/a2)(l - z2/d2) 
(15) 

= b(l - z /d ).cos(jtx/2a).  to a sufficient approximation 
« 

Using the quantities A and D from Equation (ll), for this form 

I = -n(B/2).F(D).A.sin(A)/(jt2 - A2).D 

J = +jt(B/2).F(D).A[l + cos(A)]/(n2 - A2).D 

-1/5     -D (l6) 

I-L = 0.037.Re / .L(l - e ^XjOO/fa 

J-L = 0.O37.R *1'5»L(1 - e"D).K2(A)/D 

when, from Equation (12) 

r = -O-^P'g .^-^(L/Dj.d , e'D)BA[(K1(A).(l ♦ cos.A) 

- K2(A).sin.(A)]/(n
2 - A2) 

(17) 
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Results of Preliminary Numerical Calculations 

Using Equation (17) the value of the change in wave- 

resistance due to viscosity (r) has been worked out for three 

Froude numbers, and all three results show a very small decrease 

in wave resistance. 

With IL.    written for the wave resistance in a perfect 
fluid we find that 

From other calculations, and also from the experimental results 

with reversed unsymmetrical models, it seems that the effect of 

viscosity is much underestimated by the use of Laurentieff "s equa- 

tions without some correction. 

It was suspected that this discrepancy was connected with 

the objection to his methods mentioned on page 20 above, i.e. his 

application of Michell's integral to a form which is not a closed 

body. 

Therefore the effect was investigated of closing the 

boundary layer at the stern by the addition of a vertical parabolic 

cylinder (see Figure 1 ). The draught of this was the same as that 

of the model, and its thickness at the model stern equal to that of 

the boundary layer. Since the slope of the boundary layer at the 

stern varies with the depth, owing to the three-dimensional shape 

of the model, this cylinder cannot meet the boundary layer at the 

model stern without some discontinuity in the slope there. 

The equation of this parabolic cylinder, referred to the 

usual axes of x, y, and z with the origin amidships and Ox reckoned 

positive in the direction of motion was 

(x ♦ L/2 ♦ p)' = qy (18) 

where the constants p and q are chosen so as to satisfy the conditions 

that, at the stern, when x + L/2 = 0, the value of y is the same as 

that of the boundary layer, and the slope dy/dx is the sane as that 

of the boundary layer at a depth equal to l/h  of the draught of 

-u^—•*• •^ 
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MODEL-829 

Water!Ines of Form and Boundary Layer, vlth Suggested Extension to Boundary Layer. 

Froude Number N - 0.285, Reynolds' Nmber R. - 8.35x10^ 

Beam scale exaggerated four times. 

BOW STERN 

Figure 1. 
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the model. For the reasons stated above the slope cannot be made 

continuous at the stern fcr all depths with this foru of ending, but 

this approximation will cause the discontinuity to be very small 

near the water surface, vhi -h la vei-y much the most important region 

for the wave resistance. 

For N = 0.235 the actual discontinuities are 

Draft 

(feet) 

Angle of Discontinuity 

(degrees) 

0 

0.25 
0.50 

0.75 
1.00 

+0.5 

0 

-1.7 

-8.0 

+ is convex to axis 

- is concave to axis 

Tliij discontinuity is hardly to be seen on the small scale figure 

of the figure, except near the keel. These considerations give the 

values of p and q as 

P = l4.8.Re'
l/5 [0.158 - 0.37Re'

:L/:'] (19) 

q = 29 .6.R -V^ [0.158 - 0.57R/l/5r 

-2/5 
When terms involving the factor Re    are neglected as previously, 

this gives us an extra term in tho viscous wave resistance 

a 2 i2 

1
        2    J   J Jc sec-' ado (20) 

where 

2^ / .2 f f       gx.sec e/v*" 
J =  / / (5F/6x).e        .^in(gx.sec0).dx.dz, 

the double integral being taken over the central plane of the model. 

^ ■■ 
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Hence 

J = 7TB.F(D).A.cos(A/2)./(jt2 - A2).D [21) 

P T   , , , RZ.secdQ/vd , , Px 
Jc ^ I / 2(x ♦ L/2 + p).e        .sin(gx.secö/v ).dx.dz. 

taken over the central plane of the parabolic extension. 

Hence 

Jc = -(1 - e"D) [L2.sin(Ap/L + A/2)-L.2sln(A/2) 

- ALp.cos(A/2)] /DA2 (22) 

whence 
2    */2 

r 
DA 

2    n/2 

= gaL^I  T (1-e" ) .F(: .Cos(A/2). [L.sin(Ap/l. 
1       V*      J     r,A2 

O 

+ A/2) - L.sin.(A/2) - Ap.cos(A/2)] .dö      (23) 

In these A and D are the quantities defined in Equation (ll). Also 
for Model Ö29, L = l6, B = 1.5, ana T = 1. In order to simplify the 
equations the value of 1.0 has already been substituted for T. 

Preliminary calculations have been made from these formulae 
for two Froude numbers of 0.28^ and 0 303. The former was selected 
because previous work showed that the greatest effect of viscosity on 
wave resistance was to be expected at about that speed, and the latter 
was chosen to confirm that the effect decreases as the speed is 
increased beyond about a Froude number of about 0.29. 

The value of (r -.• r^/R.» the proportionate decrease in wave 
resistance due to viscosity was found to be 0.39 at N = 0.28^, and 
0.07 at N = 0.303. 

These extensions of the form by the addition of parabolic 
cylinders derived as described abuve had lengths respectively of 5 
feet and i+.8 feet, that is about 0.3 of the actual length of the 
form itself.  It is deduced from the comparison of the calculated 
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and measured resistance curves that the effect of viscosity is 
actually to increase the effective length of the Tom by about 
8 per cent, or 1.3 feet for this model. 

This suggests that thv  suggested extensions are too long, 
and for this reason a calculation was made for a paralolic cylinder 
vhose length was only 1.3 feet. This implied the neglect of the 
condition of continuity of anglo at the stern, and angles of dis- 
continuity there were then from 12 to 20 degrees. 

At N = 0.284 the viscosity effect was reduced from 0.39 
to 0.15, but this change must be largely due to the extra resist- 
ance of the comparatively large angles of discont.nuity at the 
stern.  In order to avoid these diocontinuities an ending has been 
devised without them, but the numerical complexity was so great 
that no result has yet been obtained. 

Comparison Between Ship and Model 

The calculated effects of viscosity on wave resistance 
would cause the resistance of a ship, derived from that of a model, 
to be underestimated. Using the above preliminary results the 
resistance of a ship derived from experiments with a model of 16 
feet length would be underestimated by the following percentages: 

Froude Ship Length 
Number kOO  ft.    576 ft.     78^ ft.     102U ft. 

0.284 5.4      5.8       6.1        6.3 

0.303 1.1       1.2        1.2 1.3 

Comparison with a similar calculation made by a different method, 
and for a different model (Referenje 5) confirms the drop in the 
effect between the two Froude numbers.    Attention should also be 
drawn to a recent paper by Emerson (Reference 6) who gives in 
Figure 1 of that paper a comparison between the wavemaking resist- 
ance for a model,   and that of the corresponding ship (the Lucy 
Ashton).    Assuming that any allowance for roughness does not depend 
on the Froude number,   this shows a maximum difference between the 
tvo curves at a value of N =  0.27,   which agrees well both with the 
curve of Reference   3,   and wLth the above calculation. 
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General Conclusions and Proposed Further Progress 

Although the numerical work has not advanced enough to 
enable general conclusions to be finally drawn,  yet it appears at 
the present stage that Laurentieff's application of Michell's in- 
tegral to a form which is not a closed body underestimates very 
greatly the effect of viscosity on the wave resistance. 

The calculations made by an amended method give a result 
of the same order as found in other ways,  which is also confirmed 
by model experiments with reversed unsymmetrical models,   and,   in 
one case,  by an actual comparison of ship wave resistance with 
that of a model.    Hence it is proposed to make further detailed 
calculations,   both for the form already used,   and also for a 
second form,   in order to confirm the results.    This second form 
will be unsymmetrical fore and aft,   and its measured resistance 
is known in either direction of motion.    The difference  in resist- 
ance thus found  on reversal can be compared directly with the 
difference in wave resistance in a viscous fluid,   and should prove 
a good check on the accuracy of the various assumptions. 
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APPENDIX 
1   -l/S 

VALUES OF Kg =    / P    /?.SIN(AP).dP 

Calculated by 
BY COMPUTER Method of Pg.  23 

A «2 A h A «2 A «a 
0.2 +0.110761 8.6 +0.27^751 17.0 +0.13l6l8 24.61 0.05017 
0.4 +0.219430 8.8 +0.284822 17.2 +O.II8955 25.13 0.04411 
0.6 +c.323971 9.0 +O.290889 17.4 +0.106374 25.66 0.04857 
0.8 +0.422454 9.2 +O.292761 17.6 +0.097325 26.18 0.06225 
1.0 +0.513108 9* +0.2904l8 17.8 +O.083228 26.71 0.07971 
1.2 +0.59^363 9.6 +0.284003 18.0 +0.073457 27.23 0.09982 
l.k +0.664892 9.8 +0.273810 18.2 +0.065327 27.75 O.I0855 
1.6 +0.723642 10.0 +O.260267 18.4 +0.059084 28.27 0.11175 
1.8 +0.769857 10.2 +O.243917 18.6 +0.054895 28.80 0.10539 
2.0 +0.803095 10.4 +0.225391 18.8 +O.Or.2843 29.32 0.09178 
2.2 +0.823233 10.6 +0.205381 19.0 +O.052927 29.85 0.073^0 
2.k +0.830468 10.8 +0.l84bl4 19.2 +0.055065 30.37 O.05852 
2.6 +O.825297 11.0 +O.163822 19.4 +0.059096 30.89 0.04327 
2.8 +O.808507 11.2 +0.143716 19.6 +O.064788 31.42 0.03835 
5.0 +O.781139 11.4 +0.124956 19.8 +O.071850 31.9^ 0.04024 
3.2 +0.744456 11.6 +0.108l34 20.0 +0.0799^5 32.46 0.04809 
3.4 +0.699904 11.8 +0.0937^9 20.2 +O.088702 32.99 O.06810 
3.6 +0.649064 12.0 +0.082194 20.4 +0.097732 33.51 0.08377 
3.8 +0.593607 12.2 +0.0737^2 20.6 +0.106644 3^.03 0.09129 
k.o +0.535242 12.4 +O.068543 20.8 +O.II5058 3^.56 0.09395 
k.2 +O.475667 12.6 +O.066617 21.0 +0.122624 35.08 0.08735 
k.k +0.416526 12.8 +0.067864 21.2 +0.129030 35.62 0.07336 
4.6 +0.359357 13.0 +0.072064 21.4 +0.134017 36.13 0.06345 
4.8 +0.305558 13.2 +O.078895 21.6 +0.137388 36.65 O.05089 
5.0 +0.256347 13> +O.087943 21.8 +0.139010 37.18 0.03819 
5.2 +0.212739 13.6 +O.098724 22.0 +O.138826 37.70 0.03415 
5.4 +0.175520 13.8 +0.110705 22.2 +0.136846 38.75 0.04229 
5.6 +0.145237 14.0 +0.123320 22.4 +0.133156 39.27 O.O596I 
5.8 +0.122189 14.2 +0.136000 22.6 +0.127905 39.79 0.07280 
6.0 +0.106432 14.4 +0.l48l88 22.8 +0.121301 40.32 0.0791^ 
6.2 +0.097788 14.6 +0.159365 23.0 +0.113603 
6.4 +O.O95858 14.8 +O.169066 23.2 +0.105108 
6.6 +0.1000^2 15.0 +O.176896 23.4 +O.C96l4o 
6.8 +0.109611 15.2 +0.182545 23.6 ♦O.O07O37 
7.0 +0.123643 15.^ +0.185797 23.8 +0.078134 
7.2 +0.141158 15.6 +0.166535 24.0 +O.069758 
7.4 +O.I61106 15.8 +O.184745 24.2 +O.062205 
7.6 +0.182413 16.O +0.180511 24.4 +0.055738 
7.8 +0.204022 16.2 +0.174012 24.6 +0.050572 
8.0 +0.224926 16.4 +0.165510 24.8 +0.046866 
8.2 +0.244202 16.6 +0.155341 25.0 +0.044722 
8.4 +0.261036 16.8 +O.143899 
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APPENDIX 

VALUES OF K,   =     / P'1/5.COS(AP).dP 

Calculated by 
BY COMPUTER Method of Pg.  25 

A Kl A Kl A Kl A Kl 

0.2 +1.21+2871 8.6 +O.15121+9 17.0 -O.OI9022 21+.61 +0.00707 
O.k +I.221650 8.8 +O.131I+69 17.2 -O.020912 25.13 +0.02692 
0.6 +1.186850 9.0 +0.109881+ 17.1+ -0.0201+76 2;.66 +0.01+620 
0.8 +1.139217 9.2 +O.087356 17.6 -O.OI7798 26.18 +0.06010 
1.0 +1.079908 9.^ +O.061+71+5 17.8 -O.OI50I+6 26.71 +0.06571+ 
1.2 +1.010259 9.6 +0.01+2880 l8.0 -O.OO6I+67 27.23 +0.05777 
l.k +c.931850 9.8 +0.022530 l8.2 +0.001629 27.75 +0.01+275 
1.6 +0.81+61+38 10.0 +0.001+378 18.1+ +0.010879 28.27 +0.025 01+ 
1.8 +0.755908 10.2 -0.011001 I8.6 +0.02086l 28.80 +0.00812 
2.0 +0.662227 10.1+ -0.023159 18.8 +0.051217 29.32 -0.00162 
2.2 +O.567385 10.6 -0.631785 19.0 +0.0l+ll+60 29.85 -0.009^7 
2.k +0,1+733^2 10.8 -.0056709 19.2 +0.051200 30.57 -O.OOI+55 
2.6 +O.381983 11.0 -0.057911 19.^ +0.060052 30.89 +O.00612 
2.8 +0.295059 11.2 -o.oy/^oQ 19.6 +0.067677 51. ^2 +0.02251 
3.0 +0.211+153 11.1+ -0.029750 19.8 +0.075789 31.9^ +O.05860 
3.2 +0.11+0635 11.6 -0.021007 20.0 +0.078l67 32.1+6 +O.05056 
3A +0.075636 11.8 -0.0097^6 20.2 +O.080665 32.99 +0.05273 
3.6 +0,020017 12.0 '-0,0051*85 20.1+ +0.08l206 33.51 +O.0I+809 
3.8 -O.025637 12.2 +0.018082 20.6 +0.079805 3^.05 +O.05565 
k.o -O.061033 12.1+ +0.0551+07 20.8 +0.076537 31+. 56 +0.02118 

k.2 -O.086163 12.6 +0.01+8819 21.0 +0.071562 35.08 +0.00725 
k.k -O.IOI29I+ 12.8 +0.065692 21.2 +O.O65096 35.60 -0.00220 
k.6 -O.IO695I 13.0 +0.077^2 21.1+ +0.057^13 36.15 -O.OO709 
k,Q -O.IO3895 13.2 +0.08951+5 21.6 +0.01+8829 36.65 -O.OO5OI 

5.0 -O.09308I+ 15.*» +0.099559 21.8 +0.039689 37.18 +0.00575 
5.2 -0.075 61+5 15.6 +0.10713^ 22.0 +0.050551+ 37.70 +0.01939 
5A -O.052822 13.8 +0.112025 22.2 +O.021186 58.22 +0.03291 
5.6 -O.025951 ll+.O +0.111+099 22.1+ +0.012555 38.75 +0.01+520 

5.8 +0.003601 11+.2 +0.115556 22.6 +0.001+725 39.27 +0.01+1+75 
6.0 +0.03^72 11+.1+ +0.109821+ 22.8 -O.OOI96I+ 39.79 +0.05902 
6.2 +O.0653I+8 11+.6 +0.105759 23.0 -O.OO7291 1+0.52 +O.OI989 
6.1+ +0.095001 11+.8 +0.095^28 25.2 -O.OIIO80 
6.6 +0.122326 15.0 +0.085199 25.1+ -0.015216 
6.8 +0.11+6370 15.2 +0.075505 25.6 -O.OI5650 
7.0 +0.166351 15.^ +0.060821+ 25.8 -0.0121+05 
7.2 +O.181682 15.6 +0.01+7660 21+.0 -O.OO9559 
7.^ +0.191979 15.8 +0.031+521+ 21+.2 -O.OO526I+ 

7.6 +0.197060 16.0 +0.021915 21+.1+ +0.000280 
7.8 +0.19691*5 16.2 fO.010292 21+.6 +O.OO6829 
8.0 +O.1918I+8 16.1+ +0.000076 21+.8 +0.011+100 
8.2 +0.182152 16.6 -0.008581+ 25.0 +0.021787 
8,1+ +O.168398 16.8 -0.011+815 



LIST OF SYMBOIS 

(Foot-pound-second units used throughout) 

Symbol Meaning 

a 1/2 length of form 
A kL.sec 0 
b l/2 beam of form 
B Beam of form (=2b) 
d draught of form 
D kT.sec Ö 
e exponential constant (2.710) 
g gravitational constant (52.2) 
I 

h 
integrals defined in Equation (9) 

J* integral defined in Equation (21) 
J integral defined in Equation (22) 
k g/v2, 
KAk) !l P-VS.COS (AP).dP 

1 o 

Kp(A) Z1 P'^.sin (AP).dP 
2 o 

L Length of form (2a) 
N Froude Nvmiber (= v/ VgL 
p constant in Equation (l8) 
P X/L 
q constant in Equation (l8) 
r wave resistance correction for viscosity from Laurentieff 
R Reynolds' Number = vL/- 
R» calculated wave resistance in viscous fluid from 

Laurentieff (= Rw + r) 
Ry calculated wave resistance in a perfect fluid 
t thickness of boundary layer 
t- thickness of boundary layer at stem 
T draught of form (=d) 
v speed of advance 
x distance forward of amidships 
X distance aft from bow (= L/2 - x) 
y distance from center line 
Y do   do    do   do 
z distance above water surface 
Z do   do    do   do 
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Symbol Meaning 

P 

independent variable of integ-   "icn 
kinematic coefficient of viscosity,   taken as 1,256 x 10~-? 

for water 
ratio of circumference to radius of circle = 3.1^l6 
density of water (= 1.930) 
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ON THE DETERMINATION OF THE WAVE RESISTANCE OF A SHIP 
MODEL BY AN ANALYSIS OF ITS WAVE SYSTEM 
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ON THE DETERMINATION OF THE WAVE RESISTANCE OF A SHIP MODEL BY 

AN ANALYSIS OF ITS WAVE SYSTEM 

In a previous paper (Schiffstechnik, Vox. 9, 1962) it was 

shown that the energy transport in the wave system of a ship, - and 

thereby its wave resistance, - can be determined from the velocity 

distribution in a control plane perpendicular to the direction of 

travel.  It in some domain validity of a linearized theory is assumed 

and if the flow is supposed to be represented there by a series of 

'free waves' - i.e. of single waves which appear stationary when review- 

ed from the ship and which separately satisfy all boundary conditions 

of the problem if the ship were not present - , then the resistance can 

already be determined from the measurement of the wave profile in the 

control plane and its derivative in the direction of travel. All infor- 

mation necessary is provided by the 'spectrum', i.e. the amplitude distri- 

bution, of the free wave system.  It was shown that formal expressions 

for these amplitudes could be obtained from measurement of two wave pro- 

files perpendicular to the direction of travel or from profiles parallel 

to this direction for motion along a canal of finite width. 

In the following, a justification of the assumptions underlying 

above statements is presented. We show that in general the velocity dis- 

tribution in two control surfaces is necessary must be known to determine 

the wave pattern in the region between them, but that in some interior 

region, far enough from both of them, we will essentially have a pattern 

of free waves which always can be determined from the flow distribution 

in one vertical plane therein and this again is determined for free waves 

by the configuration of the wave profile induced in this plane and its 

derivative normal to this plane. 

Experimentally, it has already been shown by Sarma by evaluation 

of a series of stereographic photographs that the portion of free waves 

dominates even in a region as close as a fourth of the model length behind 

the stern for medium Froude numbers. In particular he found that even in 

the domain afront of the bow wave system's reflection at the tank walls 

the free wave system can adequately be represented by waves compatible 

with the finite tank width restriction. This might be considered in con- 

tradiction to the argument that influence of tank width on wave pattern 

should be felt only after wave reflection has happened. But it appeared 

that ahead of reflection domain dustribution of amplitudes is not essenti- 

ally influenced by choice of some hypothetical tank width by making the 
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continuous spectrum a discrete one, provided b is sufficiently large. 

Behind the region of reflection, however, consistence of free wave 

concept will not result if we let a wrong tank width underly our evalu- 

ations. 

Application of the formulas derived for determination of 

amplitude components from profiles along longitudinal cuts, as derived 

earlier, assumes first of all uniform convergence of the series expres- 

sion for the free wa/e system in a region extending to infinity behind 

the ship. We show that for any truncation of the profile to a finite 

length the strong accumulation of admitted compatible wave numbers will 

permit uniform approximation of any arbitrary continuous wave profile 

even if the amplitudes of any finite number of wave components selected 

from the set admitted is arbitrarily fixed in advance.' And thus the wave 

profile does not produce sufficient information even for an upper esti- 

mate of the amplitudes. This obviously reflects the fact that the flow 

distribution on a vertical plane of infinite extent, but still not a 

closed boundary, does not yield pertinent information to the elliptical 

boundary problem present here. 

If we proceed from the premise that a finite number of non- 

zero components can represent the free wave system adequately, then the 

amplitudes of these are determined uniquely as linear combinations of the 

Fourier coefficients of profiles from sections oblique to the ship's 

path or parallel and  truncated at finite distance. However, this leads 

to systems of linear equations, as only for perpendicular the orthogonality 

relations of trigonometric functions - resp. the inversion formula for 

Fourier integrals in case of unrestricted water - can be utilized. 

The expressions derived earlier for very long profiles along 

longitudinal cuts are based on orthogonality relations of the bases of 
almost-periodic functions and thus avoid inversion of linear equations. 

Some numerical examples, however, based on a theoretical amplitude 

distribution, showed that even under assumption of a finite number of 

components contributing to the profile the profile must be taken of 

tremendous length in order to yield reasonable approximation for the 

wave resistance to be determined. 

The following investigations are based on the construction of 

the velocity potential due to a source singularity which proceeds with 

uniform velocity beyond the free surface of water in a ca.ial of width 

b and depth h . This potential surves as a Green's function of our 

boundary value problem. Although the present paper in its structure 



-1515- 

emd notation was devised as a second part to previous work, the deriva- 
tions should possibly be followed independently. All notations and some 
references to the first part are listed at the end of this work. 

4. Stepwise Approach to the Wave Field of a Source Moving Stationary 
in a Canal 

The velocity potential G(x,y,z) of a source with output -4n 
in a point f|,i|,t} with -b/2 < TJ < b/2, -h < C < 0, moving stationary 
with speed c in x direction, is determined by the conditions: 

A (G-l/r) = 0   in the domain 
{-b/2 < y < b/2, -h < z < 0} . (^.01) 

where r - ^(x-O^ ♦ (y-lf)* ♦ (z-t)2 > 0 is 

Gy « 0 for y m  b/2 (tank wall) (4.02) 

Cy = 0 for y = -b/2 (tank wall) (^.OJ) 

Gx = 0 for z ~  -h (tank bottom) {k,0k) 

Gxx + Vi = 0 for z = 0 (4.05) 

(Linearized boundary condition for the free surface) 

lim Gx = 0 (4.06) 
X -» oo 

(Radiation of waves in aft direction only). 

First we restrict our analysis to determination of the function 
Gx representing the flow component in x direction, subject to the same 
boundary conditions (4.01) - (4.06) as G ; this makes sure convergence 
of some series and the legitimacy of some limiting processes we have to 
perform in intermediary steps. The components Gy and Gz are uniquely 
determined by Gx . If two different integral functions to Gx satisfy 
all conditions (4.01)- (4.05), then their difference as a potential func- 
tion depending on y and z only cam only be a constant, as its normal 
derivatives at the boundaries of the domain {-b/2 < y < b/2, -h < z < o} 
are identically zero due to (4.02) - (4,05). 
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Introduclng polar coordinates by relations 

x — tK9oota;   y — T|KQtuia 

(10)   for     « .  ? i ft    - - i  -   ?   • we haveuo; for    ■ • ^ 0# 0 

(^.07) 

Gi =f (^ + (t-ÖV Ä X Jo (k») e-k (,1) * (4.08) 

(J0 ■ Bessel Fxinction)    and as we have^) 

J.(k0) - 1/ui^9M9dB - Vt* Je»»««^*) de       (if.09) 
• o 

we finally get 
Is m 

0   o 

and for the derivative regarding x : 

Ik« 

Cu« M* J J ikootee^k(»-ö*«ko~«(^)dkde.  C^Wb) 
• o 

The substitution of variables 

ii==ktiB8 w = kcot8 (U.n) 

with Jacobian 

results to the Fourier Integral representation 

Cla - Vi. J J iw k'1 e-^^-ü*1»^)* «w(i-|) dudWt    (u.15) 
0   o 

«here we kept the symbol k with the meaning 

ks^ + f^^O. (k.lh) 

We now construct the function Gx(x,y,z) starting with G^ by addi- 
tion of cort^lementary terms which successively provide for satisfaction 
of conditions (^.02) - (4.06). 

■«—r 
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A function G2X which meets condition (4.02), can be found 
by reflection on the wall y = b/2 in a form as 

Gfa = Gu(x. y. i) -f Gu(x, b—y,E) .       (4.15) 

The further boundary condition (4.05) is met by the expression 

^8,=   £   O^Cx.y + aYb.x) 
y--oo (^.16) 

which develops by continued reflection on the planes y = 2b7 
(7 =+ 1, 2,...). 

(^.17) 

In detail from (4.13), (4.15), and (4.l6) we get the convergent 
expression w 00 

Gfa -  Vs, J J iw/k * ck(«ü^w(x.t) . dw 
-o -0 

y-ir 
Application of the identities 

Vriibv.= »M(2N + l)l,u 

Of «in bu 
and'") 

■  ♦ "ST 

(U.18) 

1    f.      8inNbuL F (u,) = lim      F(u) T—— b du        (]| 19) 
N-^»   je   J srnbu 

for continuous function    F(u)    and 
V 2b 

VIC 
Ur = (V = 0. ± lf ± 2,  . . .) (4.20) 

b 
gives 

Cfc-—[«••(«•«   £   .*.(••« .-^dw(.'V<^ + eta.(*-^)    („.21) 
2b J v«-oo k» 

with 

i.e. 

• cos ur (b/2 — y) cos u, (b/2 — n). 
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The formula (4.25) shows that the effect of infinite number 
of reflections is equivalent to summation of the integral (U.lj) re- 
garding the variable   u   by trapezoidal rule as quadrature formula, 
selecting a stepwidth of   A u » «/b  ;  the limiting process    b-* « 
then reduces (4.23) to (4.13). 

The term   v = 0    of (4.23) by the way corresponds to the   x- 
coraponent of tin   flow due to a source of output    -4jt/b    in plane two 
dimensional flow with potential 

as we have (11) 

SP 

.« 

(q) 
-1 

Iü{*—V + d-O1) 

«(»-«) 

(4.24) 

M(«-l)i-^^-^),) 

^- r^(K)wiillw(lt_5)dw 

(^.25) 

To meet the boundary condition (4.04) on the bottom we com- 
plete (rtx by a reflection on the bottom, i.e. we put 

G4»(x,y,«)=G8x(x.y.i) + Gjfc (x,y —2h—i). (4.26) 

For the domain of physical interest, i.e. for z > -h , in 
the second part of (4.26) corresponding to (4.23) ve have to insert 
a = -1 , and thus get in detail 

so 

G4X = — l    rw8inw(x--|) £ — {(1+a)eV^h)eofkr(«-l-h) 
-oo (4.27) 

+ (1—o)e-M>
h) 6ofk,(i-l-h)}dwco§Ur j yjcosuJ r\\ 

Convergence euid summability of the integrand for z - C f 0 
can be derived from the estimate 

tH-o) Sof kr ft + h) e'V« ♦ h) +-^-(1 —o) 6of kr (i + h) eV^ h> 
V--O0 k. 

v • -oo   a v > -ai 

-fCM) -i-:-(t-t) 
•«*! i 

(4.28) 
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and as the integrand of (4.27) is holomorphic on the real w-axis and 
thereby differential)le, we have by partial integration 

G4xÄ0{(x —I)1}. (4.29) 

If we determine an integral function G^ to G^ by replacing the 
factor sin (wvx) by the term -l/w , cos (wvx) in the sununands of 
(4,27) with v f 0 , and if for the term v = 0 we make use of rela- 
tions (4.24). (i.25) we find this function as 

G4-— f coiw(x —I) y —((l-MeV^CEofMt-l-h) 

1 -« \ (4.50) 
-»- (l—o) e-kr^ + ,,) 6of kr (1 4- k) Idwcosur (b/2 —y) cMur(b/2—^ 

--^-ln{(x-6)f+ (!-!;)•} 
and by an estimate similar to (4.26) 

O4 « J-ln {(x-l)« + (I-Ü, } + 0 {(x—Ö1} (4.31) 
b 

The fact that the estimates (4.29) and (4.51) - corresponding 
to (4.08) - can be derived only for z ^ t    is of no concern for our 
derivations to follow, as we will have to find estimates only for inte- 
grals regarding t ,  the integrands of which are products of G or Gx 
with bonded functions. Essentially we have 

k (u.52) 

and with increasing kv this has exponential decay.  It follows that 
for estimates of the integrals ((6.13), (6.14) ff) the relations (4,29), 
(4.31) may be used as well for z a C ; provided z < 0 . 
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To satisfy the boundary condition for the free surface (4.05) 
as well, we complete G.  by a term which, similar to (4.2?) in case 
a » -1 , corresponds to a distribution of sources beyond the free sur- 
face in the plane 5 - h . We set G5Z (x, y, z) = G^ (x, y, i) + 

+   y  — f  Mw)aDf(Mx + h))tin(w(x—6))<iw 2-H v^    -   -' (4.35) ■<sc 

'COS Uy (T-")«-'^—"j 
and determine the functions    L^w)  , by postulating the condition 
equivalent to (4.05) 

r5ux +K,, G5M = 0 for z = 0    (^.34) 

for the single terms of the Fo\irier representation (4.27) regarding   y . 
We derive the relations 

2 (w« -I- krK0) t\ h (Sof (kr (I; + h)) 
+ (K0kr I9 (krW — w1) 6of (k,h) • L, (w) - 0 (4.35) 

(v = 0.1. 2.. . ) 

i.e. 00     2 
^5« " G4, — 2   — 

v«.ao   b 
(4.36) 

I —' •mw(x—5)dwco«Ur( y)co8ur| n) 
J H,(w) \2        / \2       7 

with 

j im.      w (w« -t- kyK0) gof (k. (i -I- h)) gof (k.. a -I- h)) e k," 
Jr( w) = — ^ (U.37) 

krgofkrh 

end 

Hr(w) = K0krX9krh-w«. (4.36) 
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5. The Accomplishment of the Asymptotic Boundary Conditions 

After a determination of the zeros of the functions HyCw) 
in the complex w-plane we have the possibility to develop the integrals 
regarding w in (4.35) in series due to the corresponding residual con- 
tributions, which provide a complete set of eigenfunctions to represent 
any solution of (U.02) - (4.05). However, for our present investigation 
we are interested only in the behavior of Gcx for large values of 
|x - ^1 , We shall se that in this domain only the contribution of the 
single positive real zeros w  of "the functions H^w) are essential. 

We have 

H,(0) =u,Kol9u,h;^0 (5.01) 

whereas for large values of w the term -yr    is dominant. We further 
have dk.   w 

dw   k, (5.02) 

and thereby 
JO if 

--J: = —5-wX9krh + wK0haopkrh —2w (5.03) 
dw       k, 

and for a real zero wv of Hy we especially have 

dH, 
dw 

-.wr6of«x.h jeof^hjl +^-Kl>hj. (5.04) 

with 

x, = W + wr« >0. (5.05) 

The value (5.04)  is always smaller than zero, as from a relation 

6of«x,h- (1 +ur
l/xr

t) ^ Koh (5.06) 

there would follow 

\ w,1 /       xr 
(5.07) 

auid thereby 
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©ii^x.h —£2*rh 
I   !>* (5.08) 

which is possible only for Uy » w = 0 . However, if the continuous and 
bounded function HyCw) has a negative derivative for all its zeros, it 
can have one zero only.' 

We further have 

wr + i>wv    (v=I,2t..) (5,09) 

and if uv > KQ ^2 , we have 

(5.10) 

as the inequality 

u,« < w,« - K0 VV + w,« X9 (^u,« -h wr« • h) ^ Ko ^2 u. (5. n) 

leads to a contradiction of (5.10). 

From (4.37) we find 

J»(w)^(K0-|-w)wc
k
r(«*W (5.^) 

we further have 

i7-Tl^:lr-T+,l+,,,£9k'(i+,,,+ 
(5.13) 

+ ft + h)Xgkr0; + h)—h29k,hl. 

If for the density of the values wv we take as a measure the 
number of values n < v , for which |wj < |wv| holds, divided by the 
absolute value of wv then the limit of this ratio, the asymptotic den- 
sity, becomes infinite, as we have 
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lim ~ = —lim —= .aet (5.14) 

From (5.03) and (5.13) it follows that to any value    KohX) 
and to any constant    A   with   0 < A < 2    there exists a value    v0    such 
that for any   v > VQ    we have 

dw 

-A^^-2 

(5.15) 

dw« 

0<^<JrwA 
dw 

for all   w > 0    and finally 

u.|^K0|/2 

(5.16) 

(5.17) 

(5.18) 

to guarantee (5.10). 

For v = 0 we have ky = w ; HQCW) has a twofold zero at 
w = 0 , another one, which is simple, at w0 , which is the positive 
root of 

KoXgwh—w = o 
(5.19) 

which exists under koh > 0 only, as only then (5.03) will become nega- 
tive for w « 0 . We split up 

— =60—-Ml-««,) — 
(5.20) 

with 

ft0=w/w0 for Koh >1 (5.21) 

öo = 0        forK0h>l (5.22) 

and thus have from (4,36) 



(5.25) 

'132h- 

csx-c4.—i-|  rftr^L.inWr(]t_|)(lw 
D *--« J   nr(w) 

• cot u, (b/2-y) co8u. (b/2-.T|) - -^  (1 -60) ^SH 8in w ^^ dw 
b J      H0(w) 

o 

with 

ftr = l    for v 4=0. (5.24) 

The improper integrals on the right side of {5.2})  shall be de- 
fined in the sense of Cauchy principal values; we tb  achieve that G^x 
- same as G^x - becomes an odd function of x - ^ . To meet the 
asymptotic boundary condition (U.06) we then require an even complemen- 
tary term, which cancels Gcx for large positive x . This term might 
be interpreted as a modification of the path of integration in the com- 
plex w-plane with tendency to bypass the poles on the real axis in the 
lower half plane. We shall see that only the value of the integrand 
function in the vicinity of these poles contributes to the asymptotic 
expressions, i.e. only the ratios Jv(wv)/Hv(wv) , 

After selection of a suitable number B    with 0 < £ < wv o 
we therefore perform splitting up as 

Jr(w) 

Hr(w) 
= F,."1 (w) + F,'*' (w) + F,'* (w) + F,'4) (w)     (5 25) 

Fr(» = 0 for w~w. ^c; F,."»= Jr(w)-for :w-wP|>e 
* H.Cw) 

(5.26) 

r/»-i£L  J,(W) forw-w.^E; F^ = 0 for w-wr| > e (5.27) 
Hr(w) 

Frr8>= J^ , J'(Wr) .—1 forjw-WH^e; 
* Hr(wr)  Hr'(w..) w-w.    F.WOfor^-w^e (5.28) 

F^)- Jr(Wr) . l-  for w —wri^c; 
Hr'(Wr)  W W, 

F/4)==0 foriw—wrl>e  .  (5.29) 
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Of all functions thus defined only the functions    FL(W)    are not 
bounded at the points   w = wv ,  they have single poles.    To obtain some 
estimates we shall now assume that    z + ^ < 0 ;  i.e.  that location of 
source and of flow are not in the undisturbed free surfacf; simultaneously. 
For the present,  let us further assvune    v > v0 .    Then the mean value 
theorem of differencial calculus gives 

lHr(w)i = |w—wy||H/(wr)l 

with 

Wr ^ wr ^ w for w ^ wr ; w ^ wr ^ w, for w ^ w, 

But due to (5.15) this means 

|Hr (W)| ^ IW Wr! A * Wr fOF  W ^ Wr 

H, (w)l ^ jw—wr| A • w for c ^ w ^ w. 

(i.e.  for «Qmost all    v    for fixed   w ) 

!H.(w)|^H,0(e)       for O^w^e 

and therefore there exist a positive bond 

(5.30) 

(5.31) 

(5.32) 

(5.33) 

(5.3U) 

S^MinleM.H^Ce)} (5.35) 

such that if |w-wv| > £ we have, uniformly in w and for all v > v0 

jHr(w)l^S. (5.36) 

and due to (5.12) we then have 

iF/,)(w)|^(Ko_Jlw)wekr(.^). 
S (5.37) 

(i) The derivatives of the functions   Yy
K  ' - (i - 1,2,3,U) - are 

not uniquely defined at the points    Iw-wJ  »   £   ;  if we fix their value 
to zero then, we have 
|dF,")|       J/ 

< 
dw   i -   Hr H»  I IS S«/,wA      2wl (5.38 

dFV^ IS        S« J 
due to (5.12) and (5.22), I.e.        dw        i8 integrable regarding   w . 
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And as we have 

Ur Wr ^■^-^y^+w^-k. 
2 2 (5.59) 

it follows from (5.12) that 

2    Fr(l) (w) ^ W (W "*" Ko) ew(l + 0« V e^1 + t)/2b 
' = v„ S v.,, --0 

(5.40) 

and this means that the sum is convergent and integrable in the interval 
0 < w < oo . As the functions F/^Cw) with v < v0 are integrable as 
well, we find: 

The integral     /   L   Fy^'Cir) sin w (x-|) dw    exists. 
o     Vsl 

Consider now the function 

Hr(w) ^A1) 

Application of the mean value theorem to the function    Jv    and   Hy    gives 

Jr'(wr) (w—wr) f9m (w) = - 
H/(wy)(w —wr) ^'k2) 

where the derivatives J^ and H^ are taken in general at two different 
points wv and wv . Due to (5-10), (5-12), (5.15) we then get the 
estimate 

(wK-e)A wro~e {%^) 

As we have ^(wy) = 0 , we may write the expression (5.28) 
for Fv^*'(w) as follows: 

Fr.8) (w) = jr (Wr) H, (w) — [Hr (w..) -t- (w—w.)H/(wr)]   ^M) 

H'(wr)(w—wr)H.(w) 

The mean value theorem, applied on the numerator and on the function 
H^w) in the denominator then gives 

v M,,-,,   , (w-wr)«/2! H/(4y) Fr(5) (W) ■ Jr (Wr) z "  .  , . 
Hr'(wr)(w—w^H.Cw,)        (5.^5) 
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* * 

where wv and wv will be different point within the range  [wv - f, 
wv + ß] . We thus get the estimate 

iF^)(w)i^Jr(wr)     
2 

2 • A* (wr e)* 

•*-• 

y 

from which results 

2 

J {F/«)-|-F/»}dw| 
0 

u, + € I i   \       (M7) 
• (u. -I- K0 + e) (1 -I- 1 cOv«) ^♦« 
^o—« \   A»(wro—e)/ 

But this means that     Z    (F v   ' + fj'*    is convergent auid integrable, and 
v=l  v     v 

due to (5.40) we can state: 

The integral 

/v2   {W0H-r,« + F/»}.inw(x-l)dw 

exists. 

A formal partial integration now gives 

$   f {FrO) + F/f> + FrW } tin w (x—0 dw = 
v = i J 

o o» 

-=     1      £  f d  {F/^ + FrW + F.WIcoiw.Cx—|)dw 

o 

1 1       ?,     Jr(Wr) 
(5.W) 

X 5      «     v.l  Hr  (Wr) 

With (5.38) we hadrshown that —3-— is integrable. The 
dF (2)        mjv* r 

functions  Y    and —-—  are bounded and nonzero only in a finite 
dw dw 

range, that means that all integrals appearing in (5*Ud) do exist. The 
second sum on the right side is absolutely convergent, as for v > v0 
we have ' 
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H/(wr) '"o 
(5.U9) 

as the cummations with v < v0 are bounded. 

The convergence of the series on the left side of (5.U8) is 
absolute as well. Thus the first sum of the right side, being the dif- 
ference of two converging series, must converge. We thereby get the 
asymptotic estimate 

eo 

T  [{F^ + F^ + F^lsinw^—|)dw = 0{(x—|)1}   (5.50) 

and thuj    o 
M 

£  f {F,<1> + r,« -l- F^»} sin w (x—Ö dw 

*mtZ / b        \   .      /b \        t ., (5.51) 
*COiU,'IT~jico*vi'[—^iäo((*—5)}• 

Consider now the term 

w ♦ t 

«   f Ä   Jr(Wr)     riinw(x —§) 

o r 

(5.52) 

Making the substitution 

t=(w—wr)(x—|) 

we find 

(5.55) 
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v-t J 

■U-t) 

F^4)tinw(x 
Ä   Jr(w.)     f gin(w(»—D-H)   ^ ä 

t 
t--«(x-l) 

e(x-l) 

I Sillt   .     Ä     Jr(Wr) , w.  dt y  ! coewP(x—|) . 
t        itx H/(wr) 

-■(x-l) (5.5U) 

But we have (HO 

«(x-l) 
f     tint 

J t 
-t(x-l) 

dl = Ji8ign(x—D+Ol^-S)1}. (5.55) 

The sum (5.51*) converges absolutely due to (5.^9); due to 
(5.51),  (5.5^),  (5.55) we therefore have: 

SB 

f   f {F,(l) + Fr« + FrW + F,W } tin w (x -1) dw 

'"« /b \ /b \ •COSUrl—        y|-CO«Ur( 1H 

=  >    I— 8uiw(x —|)dwco8ur ( y | * cos ur | —r\] 
ÄJ Hr(w) \  2 / \  2 / 

- £ -7^-«coswr(x—|)'co«ur (T-') 
.co§u /-^ nViignCx-l) -hO((x-|)1}.      (5.56) 
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The sum of terms with v < 0 is identical memberwise with that 
of terms v > 0 , we therefore only are left with an estimate of the 
terms with v - 0 in (5.23). 

For I^h > 1 we find in analog manner as for terms with v > 0 

1 50- tinwCx—|)dw 
Ho(w) 

= ^TrT^o.w0(x-|),ign(x-|) + 0((x--|)t}.  (5-57) 
Ho (w0) 

For   l^h < 1 , due to the fact that    60 «= 0 , there is no corresponding 
contribution. 

The last term of (5.25) is explicitely given as,  - compare (4.57) 
and (4.58) with   ky » w - 

i-fq-U   *(*' + **< 
b   J K0wlgwh- 

(5of w (s + h) oof w (t;-I-h) e-wh 

 tin w (x — £) dw 

-HI w0—w 

wGofwh 

1 w 
(5.58) wo   K« ^9 wh — w 

(w Hh K0) gof w(«-h h) gof wft -H h) c*b iinw(«-|)dw        ^ Koh 

gofwh * 

The integrand is bounced and continuous at   w = 0 .    Especially 

l<:i 
we have 

KoXflwh—w 
— (K0l9wh—w) 
dw 

Ko 

K .h-l 

(5.59) 

This suggests splitting up the last term of (5-25) as follows: 
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b   J H0(w) 
o 

4K)>h       fitowfr-S)       . 
b(K.h-l) J w W 

o 
ae 

+ T- f(-VT (l-öo)i^L}.mw(x-bdw. b JUcKph-l) H#(w)/ (5.60) 

The expression In long brackets Is a holomorphls function of 
v   on all points of the   w   axis and thus different lab le.    Partial Inte- 
gration yields; 

b   J |w(K0h-l) "'H.(w)/ 
o 

oo 

b   J I WdC.h—1) 
O 

«^j(l_50)^l]co.w(x--|)dw-i- (5.61) 
dw [ H0(w)jJ T—l 

The Integral on the right side exists, as    J0(w)    has an expon- 
ential decay; the first Integral corresponds to the function Integral- 

sinus for argument zero and. therefore Is equal to    «/2 •  sign (x-j) ***/• 
We thus have 

b   J ».( 
'' •inw(x—()dw 

b   J H.(w) 

 li^-rigni.-«) + 0 {(x-l)1} . 
b(K.b-l) 
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From (4.29), (^.23), (5.55), (5.60) we may now conclude that 

Cfc 
—4x 

tig« (i—l) 
2(K0h—1) 

(5.63) 

where the asteric at the summation sign should indlcete that for KQII < 1 
only the Indices v f 0 should be considered. - We further may conclude 
that the function 

C.-G6l + 
4x 

[2(K0h-l) 

+liS—-»Hi-')—(HI aM 

meets all conditions resulting from (k.0l)-(k,06),  I.e.  that Its Indefin- 
ite Integral regarding   x    Is the function   G(x,y,z)    to be determined. 
In particular for   x -»+ «•   we have 

and for    x-»- « , taking account of (U.33) and (5.0^)* 
C4x IWQ oil    ^,.   w» "T J\.0%p 

b^h—1)        h   ^ 

(5.65) 

«^ M, (• + k) «of Xr ft + h) «of Xrh • e-\h 

Copx.hO + Cu^)«) —K.k 
CMU, (b/2 — y) cotttr (b/2 —11) + 0 ((x—Ö1} . 

Due to HyCwy) ■ 0 we have 

C06Wr(x 1) 
(5.«) 

(5.67) 

(5.66) 
By repeated substitution of this relation we llnally get from 

0.-4* 
bOCoh—i) 

+ 2 wrYr{vre(x.y.«)^c(l.n.O 
ym.00 

+ 0 {{x-l)1). (5.68) 



Mi 

-1533- 

,  -4wrx,Cof«xrh 
b ((x,« -»- ur«) 6ln 2xrh—2 w^mh) 

(v = ± 1( 2,... «d v » 0 for Koh > 1) 
Yr = 0 for v = 0. K0h<l 

f/Cx.y.i) +iq),B(x,y.i) = 

(5.69) 

CofMi+h)  , 
 e1 r «cotur |— yj-r V-/ + >?••''• (5.70) 

aofx.h 
In the limiting case    h -> »   we have in particular 

Y>-   ^r* (5.71) 
b(xr« + ur«) 

^e(x.y,«) -l-i^(tTKÜ « eN^^.^,,/i.__ \ 
(5.72) 

with w^-KoX, (5-75) 

due to (5.67). 

If we now construct an integral function G to Gx by, starting 
I 
for 

wv 

cos wv(x-0    and finally 

with (4.30), also in (4.32) in the term   G^    - Gj^., inserting 
- cos wJx-l/vfor sin w(x-|)    and in (5.60?    sin   zKgli] 

bCKoh—1)   biK.h—1)' 

then it may be shown that all estimates we derived for the series expan- 
sion of Gx - G^x are valid a' fortiori for the function G - Gj^ , as 
for w sufficiently large the estimates (5.12), (5.17), for the functions 

dJ«i ^  j 
Jy , rr^-   will hold if we insert in place of Jv the function Jv » -^ , aw w W 

There is only the last term in the expression (5.23) for which this step 
needs special consideration, as the contribution 

,.•- rjL(1_5o)j>^^w(K^)dw 
J b      H#(w)    w j (5.7*) 
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represents a divergent integral. Alternatively we put 

Cof w(i + h) 6of w(t; + h) COtw(«—^) —1 

j f(w) 
(5.75) 

with 

b  U —|w|/w0J K0X9wh—w 

.-lw|H 

6ofwh 

[K0h<l 
|K0h>l 

(5.76) 

The expression g0 is equivalent to g0 save the additional 
term -1 in the numerator not contributing to the derivatives to coordin- 
ates, but providing convergence. Now we have the partition: 

1 —aofw(t + h)6ofwfl; + h)oo«w(x:-|) 

with 

— h(w)—8(w)ootw(x—5) 

h(w) -: 2 2L- 

(5.77) 

(5.78) 

• (w) = 

2 ein w 

2 
(i + h)+20m -^-ft + h) 

46in w 

2 
(i + h) 6lii-^ 

2 
(t + h) (5.79) 

and thereby 

go - J f (w) h(w) dw —ff (w) tCw) CO« w(x—ft dw . (5.80) 

The function f(w) is an even function of w and has monotonic 
exponential decay for w large. In particular it is square-integrable. 
For w « 0 it approaches continuously o the value f(0) ■ 2K0/b(K0h-l) . 
The product f(w),s(w) approaches zero exponentially for large w as 
long as we have z + £ < 0 ; this gives 

/"f (w) Mw) cot w(x—0<hr - 0 ((x—I) *} • 
(5.81) 
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The function   h(w)    has a Fourier transform^    ' 

VUJ \ 0 lorW^k-6|J 

Now let 

F(«)=:J'(w)cl«*dw 

be the even Fourier transform of f(w) . 

The convolution of the functions f(w) and h(w) 

g (w) == J f (w') h (w -I- w') dw' s JI (w—w') h (w') dw 

(5.82) 

(5.83) 

(5.84) 

is continuov" and square-integrable as well and has the transform 

C(u)«F(u)H(u). (5.85) 

Especially we have the inversion formula 

g(w) = --L rF(u)H(tt)e-i-''du. 
V2*J (5.86) 

But then we have 

Ml • 

• « Ä "^ J J  Mw)el"'dwn(ix-{|-|u|)du 
■ ■•lx-|| w«-ao 

:-5|f(0) —^ rttF(1)Ai-^r(|x-a-o)F(.)d« 
• Ml 

xx 

(5.87) 

The function f(w) is holomorphic on the real w axis except at 
w « 0 , i.e. differentiable. The derivatives have exponential decay as 
well for large w , that means that the Fourier transform F(u) will 
have sufficient decay for large u to let the first integral in (5.8?) 
exist and let the last integral vanish like  0{(x-|) } . Summing up, 
we get 
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-J f.-g(o)—     f(w)i(w)cww(i—ftdw 

(«—5) 
2K. 

»>(K0h-l) + C + 0{(«-.5)i} 
(5.88) 

where the quantity   C , defined by 

(5.89) 

depends on Koh and b only. Adding the potential of some parallel flow 
similar to (5.60) we finally, taking account of (4.31), have for x -♦ + « 

c -—Li,^-.^.,. (..Qt) + c + 0 {(,_!)«}      (5 9o) 

and for x -» - » 

G = L in ((X_|)t + (,—t)t} + C + 4« J^oO^ZzlL 
b b(K0h-l) 

(5.91) 

6. Considerations on flow through control surfaces and amount of infor- 
mation necessary for unique determination of free wave systems. 

Let us consider the quantity 
o h/2 

—•;t>0 (6.01) 

which might be regarded as the transport of the flow Gx through the 
control surface {x « -a, -h < z < 0 , -b/2 < y < b/2} .  If we tcüce mean 
values regarding x , only the terms with v » 0 of Gx will contribute. 
If we assume a sufficiently large, then the mean value of ♦ regarding 
choice of a , which we symbolize as $ , will depend on the first term of 
(5.66) only; we have 
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♦ -0{(.-Ö4}«bh 
4äK, 

bdCoh-l) 
= 4JI 

Kph   r< 

Koh-1 |> 
0 for K#h<l 

0 for K0h>l 
(6.02) 

As however G becomes singular in {x » 5, y « TJ, z = (J Hke 

an inverse distance, we should expect # » 4« instead.  The apparent 
violation of the continuity equation expressed by (6.02) might now be ex- 
plained by some diffusion of the flow through the undisturbed free surface 
z > 0 ; the vertical flow between two cuts x « a and x = -a comes out 
as        Wt a b/f » 

m 

-k^w-^-^-+^ (6.03) 

But Just this amount is the deviation of (6.02) against kn  . 
If we consider the linearized condition for the elevation ^ 0^ ^e free 
surface above its undisturbed position, 

t-—c. (6.010 

then we find that behind a source of emission rate kn,  moving with velo- 
city c in x-direction, an asymptotic wave elevation 

K 
4K e1 

bOCoh-l) (Cot)) 

is developed,  i.e.  a negative elevation in the supercritical case 
Koh < 1    within a linearized theory,  i.e.  for   Gx « c  ,  the horizontal 
flow between the plane    z « 0    and the free surface may be neglected. 
Then the vertical flow (6.03) corresponds to the local increase of the 
stationary asymptotic wave elevation. 

The parallel flow represented by the first term of (5.66) was 
obviously overlooked in a derivation of the asymptotic potential due to 
a two dimensional source by Haskind, (1®) therefore the development of a 
nonoscillatory wave elevation has - to author^ knowledge - never been 
mentioned yet. 
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Havlng derived asymptotic estimates of the functions    G    and 
ftx , we now are able to showthat very arbitr&ty wave fields at a suffi- 
cient distance behind their orgin may be represented in terms of the 
functions   9v

c(x,y,z), «pv
s(x,y,z)    and a parallel flow   c0 .    It is 

merely necessary to express this wave field,  i.e. its potential    9   by 
means of Green's theorem, in terms of this Green's function   G    and the 
flow characteristics at boundary surfaces. 

We shall prove: 
If within a certain domain   B , determined by relations    x'  - a < x < 
x' -f a,   |y|  < b/2,   -h < z < 0,    the function   cp(x,y,z)    is harmonic 
and subject to boundary conditions 

cp     = 0 for    y« + b/2 (6.06) 
(^2 =0 for    z » -h (6.07) 

^xxx + M« " 0 for    z = 0 (6.08) 

then in the vicinity of some plane   x « x'    we have for    z < 0    an 
absolutely convergent representation 

«M^y.i)--^-  £   {ß,^c(xfy.i)—orq)r-(jr.yt,)} 
c fm-OO 

+ co + 0{r1}. (6.09) 

The series shown here is uniformly convergent for any fixed 
z < 0 in x and y over the entire x,y plane. This means in 
particular, that the approach (2.01) on which we based calculation of 
wave resistance in our previous paper, can deviate from the mos* "en- 
eral expression admitted for q^ by our boundary conditions only by 
a parallel flow and by a term vanishing with a"*1 . 

• 

Green's formula implies: 

fi(^T.^- —J |fkft.%0—C(it7,illi|l0 — 

— G^y.i.|ti^)-|-9l(5,,^)| dS (6-10) 

on J 

if the point {x,y,z} is situated in the interior of the domain B, 
whereby the integral has to be extended over the boundary surface 
S of B and the operation g=r should mean a differentiation regard- 
ing |,T],5 in the direction of the outer normal. Due to conditions 
(4.02), (4,03), (4.010, (6.06) and (6.O7) the contributions of the 
boundaries y = + b/2 and z = -h may be dropped/ The integration 
over the plane z = 0 can, due to (4.05) and  (6.06) be reduced to a 
line integration as in (6.03), as we have 



-1539- 

«'♦» hfi 

11*1-^ 
z' + a hft 

-Ov*:}di*dl tit XOH—G VXH] difö 

(6.11) 

and thus (6.10) may be written as 
hft      o 

Vi(x.y.«) 

i 

^-jfji^Gf-G^}^- 
-b/2     -h 

dr\ (6.12) 

For x ^ x' and for large values of a - especially for 
a » b, a » h - we now have due to (5.65) and (5.90) 

Cd.y.i.s'—•.%0" J-loa + C + Olr1}        (6.13) 
b 

For    5 ■ xf + a,    due to (5.9l) and (5.66), we have however 

G(x.y,«,x' -I- wl) = — Ina + C + 4JC j^Z»JZ^ 
b b(K0h-l) 

00 

+ 4« 2 Yr {q)rs (x. y. 1) v,e {x + «. T|, ^ 

-SP/(x,y.x) v,' (x# + t.n.0} + 0 {••»} (6.15) 

Gjl(x,ytf,x' + «,T|t^) = 

4JIK« 
+ 4«   2   WrYr {^C(».y.«) SPrC(x' + Wl) + 

V«-OB b^h-l) 
+ ^>(x,y.i) vS{x + i^t)} + 0 {• »} . 

(6.16) 
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If we replace the function G on the left side of (6.10) 
by a constant, then the right side will vanish. We therefore are 
authorized to increase G by a term l/b In a - C . This essentially 
means that only the values of qpx and cp   in the plane x = x' + a 
determine the value of cpx at the point \x,y,z} ; by substitution 
of (6.13), (6.14), (6.15) and (6.l6) in (6.10) we get 

b/f    0 

b/2      o 
. K0(^-I-«—x) f r f      , 1 x 

b(K0h-l)   JIJ ^ix +**üil~ — **{*+*,n,o)\&n 

b/2      0 

"*■ ^ Y' **(x, ^ ^ J 1J (w' ^ 9x ~~ *'*9Pxf) * - T- <w' ^e Vx - vs *i) \ dn 
-b/2    -h v/o Ko 

-b/2     i 
(6.17) 

Within the integrals of formula (6.14) the functions 
and have to be taken at 

5 « x' + a ; besides, in the integrals with factor 1/KQ we have 
to insert for £ the value of zero. 

The expansions (5.66) and (5.75) are for z <. 0 absolutely 
convergent, uniform in x and y ; if (p  and (p^ is bounded on 
x = x' + a , (6,14) will as well for z < 0 represent a convergent 
expansion in terms of functions 9V

C and (PyS and the asymptotic 
parallel flow, - the second summand of (6.14) disappears for incc .- 
pressible flow and shall no longer be considered. If we apply 
Green's formula on function cp^ instead of (px , we may conclude 
that for a harmonic function cp^ for z < 0 there is a development 
regarding these components as well, in the Fourier partition regard- 
ing y the terms in cpx and cp^ must correspond, i.e. the expan- 
sion (6.O7) may be differentiated term by term. Substitution of (6.O7) 
into (6,14) and comparison of coefficients then yieM the relations: 

n   b/2 

t--b n = -b/2 

"11 v^1 'S" ^"^"öT *'! dl)'Jh9k(1 ~6u)0j 

(6.18) 
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where    6V^   and    6^j    represent Kronnecker symbols, with especially 

Further we have used the definitions 

•jsl lorj^g. •j=_iforj = c (6.20) 

These generalized orthogonality relations of the eigen- 
functions   (py0 , (pv

s   may be confirmed by substitution of the expres- 
sions (5.70). 

We have: o 

!(■ 

i 

3| 3|      / 4HrCof«xrh     \ 3| 
3 \ 

- (pj (|f ^ 0) — yj (t T|. 0) j (6.21) 

furthermore 
o 

J \      3| 3|      / 4xr6of«xrh     \ 3^ 

-^(tT|.0) —^(1.^0)1 (6#22) 

i.e.  integration over the surface    -h < ^ < 0,  -b/2 < n < b/2   "^y be 

reduced to a simple integration regarding    TJ ,    We further find 

jgm2xrh-H2xyh _   1  I ^ J_ 
Y'|     4xrCpf,x,h      "" K0("wJ (6.23) 

and thereby can simplify (6,17) to 
Wt 

,(1,7,1)-— 1 J {fs(iwi|lO)cotw,(i,—1) — vS|(iwT|,0)tinwv(it—1)} 

« - «^^k 

ud 
(T-")*'0—(T-T) 

(6.24) 
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But this means that, - save some parallel flow, - the 
asyptotic flow cpx for z < 0 behind a stationary moving distur- 
bance and thereby the wave elevation 

t-toM c  «Px(«.y.«) (6.25) 
f 

is uniquely determined by the elevation in a transverse cut x = xs 
and its derivative in x-direction on this cut] 

Even if the series (6,09) will in general for z = 0 only 
have a formal significance and a general method of summation cannot 
be provided here, its uniform convergence and thereby the representa- 
tion of the wave elevation 

*"    c 

^  . *r**-" (6.26) 

as a uniformly convergent series is justified,  if within the range 
of integration   {x = x' + a,  z = o}    the functions    qpx   and    qp^    eure 
twice continuously differentiable regarding    y .    This follows by 
partial integration,  if we take account of   q)y = qpy    » q)y     =0    for 
y ■ + b/2    (No flow through canal walls.) 

7.    Formulae for determination of   (p   from wave profiles 

For application of Green's formula in (6.I7) we selected a 
control surface within the fluid orthogonal to the bottom as well as 
to the tank walls.    This not only rendered possible reduction of the 
domain of integrations to the line    z = 0    for the components of 
G    and    Gx , but as well permitted direct determination of the coeffi- 
cients   Oy , ßv   by use of the orthogonality relations (6,18) and 
thereby to find the straightforward expression for the flow through 
{6,2k),    Under choice of a more general surface we could as well 
represent the flow in term of its values at this surface, but we 
woulxi have no direct access to the coefficients   Oy ,  ßv    and thereby 
to the wave resistance 

D     Q9*> <£, A* 
2 s^d-ci/o. (7<oi) 

with 

^•-i^+Ä-^-V 
(7.02) 
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ani 

' 26te2*,A (7.03) 

as the component of the velocity of transport of energy of an oblique 
wave in the x-direction.  (These formulae were derived as (2,28), 
(2.29) and (2.27) in the previous paper under assumption of a flow 
(6.09) with the parallel flow component and the 0-term neglected). 

For a pair of two parallel cuts perpendicular to the tank 
walls in distance A with respective wave profiles 5 ^^    5" we 

derived 
ft/t 

4^s = /?J + «J=S1-^^(r + r)co8Uv(6/2_y)dyj, 

—i/2 

as Equation (3.06). 

A wave profile of finite length parallel to the walls, say in 
a plane y = ys , does not provide sufficient information for application 
of Green's formula and determination of the flow field. This reflected 
in some properties of the set of functions {cos wv x, sin wv x} . We 
showed in (5.1^) that the quotient v/w  tends to infinity with in- 
creasing v , i.e. the qunatities w  have no finite asymptotic density 
on the real axis. But a theorem of Muntz^ ' states that the system of 
functions {cos wv x, sin wv x} is complete on any finite x-interv»al, 
that means that any continuous function may in any interval be approxi- 
mated by linear combinations of functions out of this set in a manner 
that the deviation uniformly becomes arbitrary small. It follows that 
coefficients of such approximations cannot be determined unique, as the 
set of wv after diminuation of at least a finite number of its members 
still is of infinite asymptotic density. We therefore have no possi- 
bility even to derive upper bounds for the values of the coefficients 
from the information of such a finite profile.* 

*To elucidate this situation, it could be mentioned that the set of 
functions [sin v x, cos v x] (v = 0,1,2...) has a finite asymptotic 
density equal to one. This system is complete for uniform approxima- 
tion only on intervals of length equal or smaller than 2« .  In the 
latter case coefficients are nonunique as well and there cannot be given 
an upper bound for their absolute value. 



Only in the limiting case of infinite length of the profile 
there is a unique determination of the flow in the vicinity of the pro- 
file; a uniformly convergent series 

t,(x)=   2   {ßrC08W,.X Q. Slii W, x} COS Ur (   y„| 
\2 / 

(7.05) 

represents a so called almost-periodic function, whose expansion coeffi- 
cients can^1" be determined (5.13), (3.14) by 

x0 + T 

ßr " HniT-ac I t;„ (x) cos w,. x dx 
T  J C08ur(b/2 —y,) (7.07) 

x0 + T       xo 

ar = HniT^oc -      I ^„(x) sinwrxdx  
T J co8u,.(b/2 — 

X
ü 

XH) (7.08) 

independent of XQ . For such values of v with cos Uy (b/2-y ) ■ 0 
we may express oty , ßv through the function B^/^y on the same 
longitudional cut, - But only a restricted subset of the set of all 
almost-periodic functions on the real axis may be represented by a 
series (7.O5) with uniform convergence for all x . 

An approximate determination of the flow from the information 
of such a cut may, however, have sense if we know at which term we may 
safely truncate a series (7.O5). For this, the example to follow should 
provide an estimate. 

t 

8.    Wave spectrum of a parabola ship 

In the theory of wave resistance as well as in model experi- 
ments very often reference is made to the wave pattern created by a 
continuous distribution of sources of output    q d^ d£    on a vertical 
rectangular plane 

{—L/2^|^L/2f —D^t^O. TI = 0} 

— 8BcE ,       . 
,with     q = ——• (8-01) 

Id 

In Havelock's theory such a distribution, is "considered repre- 
sentative for a ship of parabolic waterlines and rectangular sections 
of length    L , breadth B and draught D .    According to Inui it is 
pertinent to regard this distribution as representative for the Rankine- 
body which it generates in the half-space    z < 0   under a flow   c    in 



-x-direction. 

If we remember that (5.68) represents the asymptotic flow of 
a source of output    -4«   at the point   {l,^}    and if we now insert 
-q dj d^    instead of the factor   kit   after integration over the rectan- 
gular plane we get for the asymptotic flow in x-direction 

• L/I 

'• ''I <ff^2le«/-«co,w.(x-|)co.u.^-y)d|dl;^^c^/u^>) 
J    I    L^rio \I2       / X^ + Ur*       \      2/ 

' L/2 o 
—32 Be    *    r i W'I* 
    y       Itinw^dl     c«^dUV8inwrxcosury--^-^(8.02) 

bL«  ve«! J x^ + u.« 

and thereby for the wave elevation 

sin 

.     ^•"O       CV   It    Z- 

i,l(w'T)-(w'T)cot(w'T) 
bK0L«¥e« x,« + u,, 

' k V       ' u,~\.     (8.04) 

Conrparing this with (6.09) we find 

sin 1 

(1—e-KrD)unwvxcosur| yjcosj Or — j. 

09) we fini 

iin| wr 1 -( wr |CM| Wr 1 

bK0L« K,« + U,' (8#05) 

i.e. 

ar = {v^} (8.06) 

(compeire (8.17)); this provides uniform convergence of the series 
(8.04). If we now insert (8.  ) into the expression (7.01) for the 
wave resistance, we have 

R_32MB.   ft   (1    .V).   ^/LX 

with 

L 
-wr — 

2 \      2 /J    b 
(8.07) 

ir    L (8.08) 

and thereby in the limiting case   b -»   » 

»Yo'L« J ».«(x,«-}-««) 1     \      2./ 
L 

-w  
2 

J (8.09) 
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^ 
^-r T T T 

Contribution of the flow of potential energy (« l/2 B^ 
of (8*15) ) to the total theoretical wave resistance R for 
parabolic ship in dependence of distance x from midship 

section. 

where  , w and u are interrelated through 

10* = *« — U« 

©'=£<' l + i{ulK0)*-i) 

(8.10) 

(8.11) 

10 = 
yW K0 

(8.12) 

If we approximate wave resistance by the approach of Korvin- 

Kroukovsky from the wave elevation in a cut x = xs , then we have to 

evaluate   ^ 

'-^i-(4)-K)-(-t)r...^ 
x,« (u,« + %,*) u,1 + X,« 
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The terms of (8.13) deviate from those of (8.O7) by factors 

4xr
l«iilw,xi       4u., + 4w,1   . . 
 1 = HirWrX.. 

x.l + u,t 2u1>
t + w,t (8.14) 

If we average these term over a large domain of possible    x8 , 
we have to replace    siAy x   by l/2    and these factors will in general 
turn out to be larger than one.    For    v » 0    we have 

2x« 0 
2. 

Xo^Uo1 (8.15) 

for Uy/^-»«  we have wv/uv -> 0 , as from (8.10), (8.11), (8.12) 
it follows that 

We therefore have 

We therefore may conclude that an average value according 
to (8.33) will the less extend above (8.07) the smaller is l^b , i.e. 
the larger the speed of the stationary wave field. This is true 
particularly due to the fact that the relative contribution to (8.O7) 
of terms with high v , i.e. of the waves traveling more or less 
divergent, increases with decreasing K^b , as the factor 
decreases more slowly then with y . 

In the range of high velocities, where harmonic anaiysia .of 
wave profiles across the tank is increasingly complicated by the 
divergent wake region behind the model, the method of Korvin-Kroukovsky 
might find application after introduction of a suitable method of 
averaging. 

For the method proposed by the author, however, it is consid- 
ered a faborable fact that for low speeds, where measurements are 
rendered more difficult due to smaller wave elevations, the relative 
importance of the first terms in the wave pattern expansion increases. 
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r«U(»v*r Anitil 

H H * U P f—^ 

Contribution of flow of potential energy and of flow of 
kinetic energy through vertical control surface to theoretical 
wave resistance of the parabolic ship in dependence of this surface's 
distance from midship section* 



NOMENCLATURE 

■       defining sign of equality, quantity left is defined 

B^D^L   breadth, draught, length of a ship according (8.01) 

C       constant according (5.89) 

G       velocity potential of a source of output -4« 

0^,02,Gx,G2MGc successive approximations to G 

Fv  *JwHv'Lv intermediary functions according (5.25), (4.3?), (^.38), 
(4.33) 

KQ ■ g/c   characteristic wave number 

T       interval length 

F(u),G(u),H(u) fourier transforms according (5.83), (5.85), (5.82) 

a      distance of control surface 

b       canal width 

c       speed of the ship 

c0      speed of some uniform flow 

v 
Cg      comp. nent of velocity of energy transport along x direction 

g       acceleration of gravity 

h       height of undisturbed free surface over bottom 

k,u,w   variables of integration with meaning of wave numbers, 
u, w in y, x directions 

ky      special wave number according (4.22) 

Uy      special wave number, according (4.20) 

wv      special wave number, positive zero of (4.38) 

q       source density (8.01) 
) 

x,y,z coordinates, originating at undisturbed free surface, 
x in direction of ship's advance, z upwards 

-1349- 
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h(w)lg(w),h(w),s(w)    auxiliary functions (5.76),  (5-84),  (5.87),  (5.79) 

a .ßv expansion coefficients (6.09) 

7 coefficients (5.69) resp.   (5.71) 

70 velocity parameter (8.08) 

6V coefficients (5-21),   (5.22),   (5.24) 

A La'place operator: a constant according (5.15), half distance 
of cuts  (7.04) 

^" wave elevation 

i9fifi coordinates of source analogous to x,y,z 

8 angle of wave propagation 

• wave number (8.10) 

«r special wave number according (5.05) 

v, y density 

a Signum of    z - 5    according (4.08) 

qp velocity potential of wave field  (flow = positive gradient.1) 

cp    ,(p expansion functions (5.70),   (5.72) 

* flow integral (6.01) 
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